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EDITORS’ PREFACE. 


THE volume called Higher Mathematics, the first edition 
of which was published in 1896, contained eleven chapters by 
eleven authors, each chapter being independent of the others, 
but all supposing the reader to have at least a mathematical 
training equivalent to that given in classical and engineering 
colleges. The publication of that volume is now discontinued 
and the chapters are issued in separate form. In these reissues 
it will generally be found that the monographs are enlarged 
by additional articles or appendices which either amplify the 
former presentation or record recent advances. This plan of 
publication has been arranged in order to meet the demand of 
teachers and the convenience of classes, but it is also thought 
that it may prove advantageous to readers in special lines of 
mathematical literature. 

It is the intention of the publishers and editors to add other 
monographs to the series from time to time, if the call for the 
same seems to warrant it. Among the topics which are under 
consideration are those of elliptic functions, the theory of num. 
bers, the group theory, the calculus of variations, and non- 
Euclidean geometry; possibly also monographs on branches of 
astronomy, mechanics, and mathematical physics may be included. 
It is the hope of the editors that this form of publication may 
tend to promote mathematical study and research over a wider © 
field than that which the former volume has occupied. 


December, 1905. 
iii 
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AUTOR BRIE BA ie 


Tus little book is an attempt to present simply and con- 
cisely the elementary principles of the “Extensive Analysis” as 
fully developed in the comprehensive treatises of Hermann 
Grassmann, restricting the treatment however to the geometry 
of two and three dimensional space. It is designed to set forth, 
as far as is possible in so brief a work, the remarkable adapta- 
bility and effectiveness of the methods used as applied to the 
various problems and operations of geometry and mechanics. 

The ideas of direction and position appear to the writer to 
be as simple and fundamental as that of magnitude, and an 
algebra which deals directly with all three of these ideas should 
not be greatly more difficult than the ordinary one, which deals 
with magnitude only. The result of using such an algebra is an 
extraordinary gain in the brevity of operations and the expres- 
siveness of formulas and equations. 

Some of the terms belonging to this general subject are fre- 
quently employed in modern text-books on mechanics and physics, 
even when no use is made of the algebraic systems from which 
they are derived. 

It is hoped that this little book may do something to interest 
students, and to help toward bringing in the time when the 
methods as well as the ideas of this calculus shall come into 
general use. 


CINCINNATI, O., December, 1905. 
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GRASSMANN’S SPACE ANALYSIS. 


INTRODUCTION. 


The title adopted for this brief and elementary discussion of 
Grassmann’s methods indicates at once its limitations; for his 
theory in its fullness treats of the linear relation 


Da Neer (R= Only 2; 2s. 1), 
in which m may be any positive whole number, po, x, ... any 
numbers whatever, and é, ¢,...units of any kind which are 


susceptible of being related to each other by such an equation 
as the above. Our treatment extends only to the case when n 
does not exceed three, and é, e; ... are points, or point products. 

Grassmann’s first publication of his new system was made 
in 1844 in a book entitled “Die Lineale Ausdehnungslehre Ein 
Neuer Zweig der Mathematik.” His novel and fruitful ideas. 
were however presented in a somewhat abstruse and unusual 
form, with the result, as the author himself states in the preface 
to the second edition issued in 1878, that scarcely any notice 
was taken of the book by Mathematicians. 

He was finally convinced that it would be necessary to treat 
the subject in an entirely different manner in order to gain the 
attention of the mathematical world. Accordingly in 1862 he 
published “Die Ausdehnungslehre, vollstandig und in strenger 
Form bearbeitet,’ in which the treatment is algebraic, and is 
developed from the equation given above. 

Since that time his great work has been more fully appreciated, 
but not even yet, in the opinion of the writer, at its real value. 
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Hamilton first gained the ear of the English-speaking world 
for his Quaternion methods, and was fortunate in having some 
very zealous adherents and interpreters who made propaganda 
for them, and were inclined to undervalue work not originating 
in England. 

It is hoped that the following brief presentation of Grass- 
mann’s Analysis will serve to interest some to the extent that 
they may be led to investigate his original works. 

The writer has followed in the main the notation of Grass- 
mann himself, the principal deviations being the omission of the 
brackets from geometric products, writing pq instead of [pq], 
and a somewhat different treatment of the product lq. 


ART. 1. EXPLANATIONS AND DEFINITIONS. 


The algebra with which the student is already familiar deals 
directly with only one quality of the various geometric and 
mechanical entities, such as lines, forces, etc., namely, with 
their magnitude. Such questions as How much? How far? 
How long? are answered by an algebraic operation or series of 
operations. Questions of direction and position are dealt with 
indirectly by means of systems of coordinates of various kinds. 
In this chapter an algebra* will be developed which deals 
directly with the three qualities of geometric and mechanical 
quantities, viz., magnitude, position, and direction. A geomet- 
ric quantity may possess one, two, or all three of these prop- 
erties simultaneously; thus a straight line of given length has 
all three, while a point has only one. 

The geometric quantities with which we are to be concerned 
are the point, the straight line, the plane, the vector, and the 
plane-vector. 

When the word “line” is used by itself, a “straight line’ 
will be always intended. A portion of a given straight line of 
definite length will be called a “sect”; though when the length 


’ 


* The algebra of this chapter is a particular case of the very general and 
comprehensive theory developed by Hermann Grassmann, and published by 
him in 1844 under the title ‘‘ Die lineale Ausdehnungslehre, ein neuer Zweig 
der Mathematik.’’ He publishe 1 also a second treatise on the subject in 1862. 
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of the sect is a matter of indifference, the word line will fre- 
quently be used instead. Similarly, a definite area of a given 
plane will be called a “ plane-sect.”’ 


If a point recede to infinity, it has no longer any significance 
as regards position, but still indicates a direction, since all lines 
passing through finite points, and also through this point at 
infinity, are parallel. Similarly, a line wholly at infinity fixes 
a plane direction, that is, all planes passing through finite 
points, and also through this line at infinity, are parallel. Thus 
a point and line at infinity are respectively equivalent to a line 
direction and a plane direction. 


A quantity possessing magnitude only will be termed a 
“scalar” quantity. Such are the ordinary subjects of algebraic 
analysis, a, +, sin 6, log z, etc., and they may evidently be in- 
trinsically either positive or negative. 


The letter 7 prefixed to a letter denoting some geometric 
quantity will be used to designate its absolute or numerical 
magnitude, always positive. Thus, if Z be a sect,and Pa plane- 
Secuwmuenes /sisenenenothons,, and 27-15 the atea ob 2s wihat 
portion of a geometric quantity whose magnitude is unity will 
be called its “unit,” and will be indicated by prefixing the 
letter (4,*thus (2 —iunit of 7 —sect.one unit lonsioniline wae 
mlencenwerlaver iis 4 bal. 


ART. 2. SUM AND DIFFERENCE OF Two POINTS. 


In geometric addition and subtraction we shall use the or- 
dinary symbols +, —, =, but with modified significance, as will 
appear in the development of the subject. 


Every mathematical, or other, theory rests on certain fun- 
damental assumptions, the justification for these assumptions 


* The word ‘‘scalar” and the use of the letters 7’ and U, as above, were 
introduced by Hamilton in his Quaternions. 7 stands for tensor, i.e., stretcher, 
and 7Z is the factor that stretches UZ into Z. The notation | Z| for absolute 
magnitude is not used, because the sign | has been appropriated by Grassmann 
to another use. 


° 
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lying in the harmony and reasonableness of the resulting 
theory, and its accordance with the ascertained facts of nature. 


Our first assumption, then, will be that the associative and 
commutative laws hold for geometric addition and subtrac- 
tion, that is, whatever A, 5, C may represent, we have 


BeBe Ce (eee) a oe ee 
=A+C+Ah=(A4+C)4+ 8B. 
We shall also assume that we always have A — A = 0, and 
that the same quantity may be added to or subtracted from 
both sides of an equation without affecting the equality. 


Now let £,, , be two points, and consider the equation - 


Pet Pi Pie Pea Pi Phy) Sea (1) 
In this form we have an identity. Write it, however, in the 
form 


sorely ean Pisa Perv i Pay fy ey (2) 


and it appears that p, — f, is an operator that changes /, into 
p~,by being added to it. Conceive this change of /, into p, to 
take place along the straight line through f, and f,; then the 
operation is that of moving a point through a definite length 
or distance in a definite direction, namely, from /, to ~,. This 
operator has been called by Hamilton ‘a vector,” * that is, a 
carrier, because it carries /, rectilinearly to f,. Grassmann gives 
to it the name Strecke, and some writers now use the word 
“stroke” in the same sense. 


Again, ~, — p, is the difference of two points, and the only 
difference that can exist between them is that of position, i.e. 
a certain distance in a certain direction. 

Hence we may regard pf, — f, as a directed length, and also 
as the operator which moves /, over this length in this direc- 
tion. Writing p, — ~, = e, equation (2) becomes 


p+e=h. (3) 


* See the first of Harilton’s Lectures on Quaternions, where a very full 
discussion of equation (2) will be found. Also Grassmann (1862), Art. 227. 
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Thus the sum of a point and a vector is a point distant from 
the first by the length of the vector and in its direction. 


Since ~, — ~, = — (f, — P,), it appears that the negative 
of a vector is a vector of the same length in the opposite 
direction. 


[iep. — 0, le, 17, PamMust’ coincide with #.because 
there is now no difference between the two points. 


The question arises as to what, if any, effect the operator 
pf, —f, should have on any other point Z,, that is, what is the 
value of the expression ~, — ~,-+- 7, ? 

We will assume that it is some point ~,, so that we have 
Pi— Pit Ps =Pa: 
or Pa—Phi=2i— Pv (4) 


This implies that the transference from /, to f, is the same 
in amount and direction as that from /, 
fon at atvicnthiaty ii 7,97,,7, dre the 
four corners of a parallelogram taken in 





order. Thus equal vectors have the same p— _ E, 4 
length and direction, and, conversely, 
vectors having the same length and direction are equal. 

Note that parallel vectors of equal length are not neces- 
sarily equal, for their directions may be opposite. 


Equation (4) may also be written 


Piths=hitPy (5) 
so that, whatever meaning may be assigned to the sum of two 
points, if we are to be consistent with assumptions already 
made, we must have the sum of either pair of opposite corner- 
points of a parallelogram equal to the sum of the other pair. 
The sum cannot therefore depend on the actual distances 
apart of the points forming the pairs, for the ratio of these two 
distances may be made as large or as small as we please. 


If z be a scalar quantity, ze will denote that the operation 
€ is to be performed z times on a point to which ze is added, 
that is, the point will be moved z times the length of €; hence 
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me is a vector m times as long as e, and having the same or the 
opposite direction according to the sign of z. 

In the figure above, let 

Px Pi = 4) Pr-Rh Hen Ae tPi —& Psa Pa & 
Then 
€, a €, =P, —P, + Ps ai ie ees +2 Pa 2 alias es (5) 
snceaby 1.q.4, ~y—7p— 7 ee 
Also, € 16 =P, 7, =e (6) 
Hence, if two vectors are drawn outwards from a point, and 
the parallelogram of which these are two adjacent sides is com- 
pleted, then the two diagonals of this parallelogram will repre- 
sent respectively the sum and difference of the two vectors, 
the sum being that diagonal which passes through the origin 
of the two vectors, and the difference that which passes through 
Buleitsextremities.~ 

Again, p, —2,+4,-A+h,—-2,=0=4+46+(— 6); 
hence the sum of three vectors represented by the sides of a 
triangle taken around in order ts zero. 


Similarly, if 2,, 2,,...f, be any z points whatever taken as 
corners of a closed polygon, we shall have 
(A.— 2) 1(2,—2,)+(2.—2)+- “ok at ee — Pu) +(2,—2n) = O; 
that is, the sum of vectors represented by the sides taken in 
order about the polygon is zero. By “taken in order” is not 
meant that any particular order of the points must be observed 
in forming the polygon, which is evidently unnecessary, but 
simply that, when the polygon is formed, the vectors will be 
the operators that will move a point from the starting position 
along the successive sides back to this position again, so that 
the final distance from the starting-point will be nothing. 


ART. 8. SUM OF TWO WEIGHTED POINTS.+ 
Consider the sum m,f,-+-™,f,,1n which m, and mm, are scalars, 
that is, numbers, positive or negative, and /,, f, are points. 


* Grassmann (1844), § 15. 
+ Grassmann (1844), § 95, and (1862), Art. 227. 
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The scalars m, and m, will be regarded as values or weights 
assigned to the points f, and ~,. When any weight is of unit 
value the figure 1 will be omitted, so that # means I/, and is 
called a unit point. Occasionally, however, a letter may be 
used to denote a point whose weight is not unity. 


To assist his thinking, the reader may consider the weights 
initially as like or unlike parallel forces acting at the points. 


In order to arrive at a meaning for the above expression 
we shall make two reasonable assumptions, which will prove to 
be consistent with those already made, viz., first, that the sum is 
a point, and second, that its weight is the sum of the weights 


of the two given points. Denoting this sum-point by /, we 


write 
Transposing, we have m,(~, — p) = m,( p — p,), or 
AOI: anes — Hava ls (8) 


7 MW 


2 1 
Both members of (8) are vectors, and, being equal, they must, 
by Art. 4, be parallel. This requires that p shall be collinear 
with f, and f,. Also, since p,— p and p — f, are vectors whose 
lengths are respectively the distances from f, to f and from p 
to /,, it follows that these distances are in the ratio of m, to m,. 
Hence, fis a point on the line £,f, whose distances from /, 
and p, are inversely proportional to the weights of these points. 
We shall call f the mean point of the two weighted points. 
If +, and mm, are both positive, (8) shows that f must lie be- 
tween /, and 7,; but if one, say m,, is negative, let m,=—wm,'. 
Thus 

mp, — p) = 1,'(p, — Pp) (9) - 
and p is on the same side of each point, that is, its direction 
from each point is the same. Also, since its distances from the 
two points are inversely as their weights, must be nearest 
the point whose weight is greatest. 
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Case when m,-+ m,=0, or m, = — m,.*—With this con. 
dition equations (7) and (8) become 


m,p, + m,p,= mp, — p,) =0-f, (10) 
and P-L =f—-by (11) 


Thus 7 is in the same direction from each point, that is, not 
between them, and yet is equidistant from them. This re- 
quires either that the two points shall coincide, that is, 4, = /,, 
which evidently satisfies (10) and (11); or else, f, and /, being 


different points, that f shall be at an infinite distance. Thus 
the sum is in this case a point of zero weight at infinity.+ 
Eq. (10) shows that a zero point at infinity is equivalent to a 
vector, or directed quantity, as stated in Art. 1. It has been 
shown in Art. 2 that ,=f, is the condition that pf, and £, 
coincide; let us consider the equality of weighted points in 
Senetal Say 7, ). =p, etaencey aby) (7), atnere sisaiound 
m,p, — m,p~, =(m, — m,)p = 0; hence, since pcannot be zero, 


m,—m,=O, or m,=m,; and therefore mp, — ~,) = 0, or, 
SINCE 7720, Pp Pin, alal isj 7p — pee BerciOfemt magn, 
two points are equal, their weights must be the same and their 


positions identical, that is, they are the same point. 


Exercise 1.—To find the sum and difference of the two 
weighted points 3/, and 7,: 


30, +2, = 42; 30, — PD, = 2P’, 
and the mean points are as shown in 
f ee “i the figure. The reciprocals of the 
2D’ oie? Pe distances of p, p,, and p’ from 4£,, 
viz.,4, 41,4, are in arithmetical progression, hence the points 


form a harmonic range. 
Exercise 2.—Given a circular disk with a circular disk of 
* Grassmann (1862), Art. 222. 


+Compare the case of the resultant of unlike parallel forces of equal 
magnitude. 
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half its radius removed, as in the figure; to find the centroid 
of the remaining portion. 


Take g, at center of large circle, f, at center 
of small circle, and p~, at the point of contact; 
then ~, = 4(2,-+7,). The areas of the two cir- WW 
@iesareasi 1 24 -acalethem tvand 4.) Then utis‘as 





if there were a weight 4 at f,, and a weight — I at f,; hence 
2 = (42, —4(4, + 2.)] + 3 = (7A, — 2,) + ©. 

Prob bam nOWmthal 2), P 98 Di-1 t.., ANG) Ht) D0 few are 
four points forming a harmonic range. 


Prob. 2. An inscribed right-angled triangle is cut from a circular 
disk ; show that the centroid of the remainder of the disk is at the 
point 

(37 — 2sin2a@) ~, — fp, sin2a 


3(7 — sin 2a) : 


if f, is the center of the circle, A, the opposite vertex of the triangle, 


and @ one of its angles. 


ART. 4. SUM OF ANY NUMBER OF POINTS. 


As in the last article we assume the sum to be a point 
whose weight is equal to the sum of the weights of the given 
points; thus, 

Smp — prem. (12) 
1 1 


Let e be some fixed point, and subtract eSm from both 
1 
sides of (12); thus we have 


Zn p — e) =(p— eam, (13) 
an equation which gives a simple construction for p. | 


If Sm = oO, then m, = — Sm, and 
1 J 2 


Sp ao m,p, + Imp =m,\ ~, — A ’ (14) 
2 
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so that the sum becomes the difference of two unit points, or 
a vector whose direction is parallel to the line joining /, with 
the mean of all the other points of the system, and whose 
length is m, times the distance between these points. Since 
any point of the system may be designated as Z,, it follows 
that the line joining any point of the system to the mean of 


all the others is parallel to any other such line. If Smp =a 18 
1 


equation (14) shows that Z, is the mean of all the other points 
of the system, and, since any one of the points may be 
taken as p,, any point of the system is the mean of all the 
others. 
Letivi— Bin (i2)andi a3) then 
m,p, + m,p, + mp, = (m, +m, + m,)p, (15) 


and p is on the line joining the point m,f, + m,p, with p,, and 
therefore inside the triangle ~,7,/, if the m’s are all positive. 
If m, be negative and numerically less than m,-+ m,, then p 
will have passed across the line f,f, to the outside of the tri- 
angle. If m, and m, are negative and their sum numerically 
less than #,, then ~ will have passed outside the triangle 
through £,, i.e., it will have crossed 7,4, and ~,f,. The point 
e must evidently always be in the plane /, J, ,. 

As a numerical example let m,= 3, m= 4, m,=— 5, so 
that (16) becomes 


p— Ses 3p, ae é) Se Fas é) Li "3 é). 
Now, since ¢ may be any point whatever, put e=/7,; then 
p—p,;= 8, —7,) + 2(p, — P,), and the construction is shown 


in the figure. £, — ~,= 3(p, —p,), and p —p, = 2(p, —P,). 
As another example take = 47, + 5f, — 26, — 6f,, or, by 
(13), making ¢=4,, 
p~2.=42,— 2) + 5A. — 2) — 2(2,— 2) 
=).—D.+2.—-b. +h - by 
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17 
When any number of geometric quantities can be connected 


with each other by an equation of the form 27zp = o, in which 
the m’s are finite and different from zero, then they are said to 


be mutually dependent, that is, any one can be expressed in 
terms of the others. 


If no such relation can exist between the 


Dp 
as 5 
Fie 
\ 
—5) ¢ . 
4 
ii f ‘ 
/ 4 ‘ 
/ ‘ ‘ 
\ 
i ‘ 
Pia o 4 ' 
toon / ace ‘3 ' 
ee 1 re \ 
is 4 |e " j “ 
. / a ied 
t 4 ‘ 
. / ye ‘ 
; -}-6D 
; Reg 
/ ie Me ui ; 
| 7 ed 2D, / 
x if ‘ 
\ re Ke re et el Sag 4 oP, 
v 
Dv P, 


quantities, they are independent. We obtain from what has 
preceded the following conditions: 


That two points shall concide, 


m1, p, +m, P, = 0. (17) 
That three points shall be collinear, 


m, Pp, an MP, a Mm, P, =O. (18) 
That four points shall be coplanar, 


m,p,+m,p,+m,p, + mp, =O. (19) 


It follows that three non-collinear points cannot be con- 


nected by an equation like (18) unless each coefficient is 
separately zero. 


Similarly four non-coplanar points cannot be 


connected by an equation like (19) unless each coefficient is 
separately zero. 


The significance of these statements will be presently illus- 
trated. 


The following are corresponding equations of condition for 
vectors: 
That two vectors shall be parallel, 


n,€,+ 2,€,=—0O. 


(20) 
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That three vectors shall be parallel to one plane, 
n,€, + n,€, + 1,€, = 0. (21) 
These conditions follow from the results of Art. 2, or from 
equations (17) and (18) by regarding the e’s as points at infinity. 
If in addition to (21) we have 
nm, +n, +2, =0, (22) 
the extremities of the three vectors, if radiating from a point, 


will be collinear: for, let ¢,...¢, be four points so taken that 
C,— 6 =6,,6—% = &,; 6s —& — €,; then (21) becomes 


ne, — €,) +1,(e, — €,) + u,(@, — &) =O, 
or by (22) 2,€, + ,¢, + u,¢, =O, 
which by (18) requires ¢,, ¢,, ¢, to be collinear. 
It may be shown similarly that 
4 4 
ane = an —o (23) 


are the conditions that four vectors radiating from a point shall 
have their extremities coplanar. 


Exercise 3.—Given a triangle e¢,e,e, and a point p in its 
plane; pe, cuts 2,2, in g,,’ 
Pe, CULST ALC eli au ee acl us 
CoeMN9, 9,97 Cuts 2,2 singe 
724 cuts €,@, 11 P: ’ and Zoi 
cuts ¢,e, in ~,: to show that 
Pia Dang, pare collinear 

Let p=7,e,+2,e, 11,2, 
then ¢7,, 97,5 g, coincide re- 
spectively with z,e,-+ 2,¢,, 
ne, + n,¢,, and 2,e,-+ 2,e, because f lies on the line joining e, 
nitoegmrctc: (itlence il 2° tay eyed e scalats, 


Po = *% 6, oP ae I(1,e, => NC.) Ata Br N,€,) , 
hence (4, = WA AICE ae Ee fine, a4 NAY, “ale, = 0. 


Now the e’s are not collinear, and yet are connected by a 





7 
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relation of the form of equation (18); hence, as was there 
shown, each coefficient must be zero; accordingly 


4, em AULT. = 4,—) 2, =)o Saye = O, 


whence we find Pye met ie tet 


hence (2, — 2,)p, = 2,¢, — ”,e,, and similarly 


aa 
(12, —1,)P) = Nye, — Myly, (—,) Py = N,l,— Megs 
Adding, we have 


(2, 1 N)P. a (72, = Ny )P, at (72, oY n,)P, manny: 
therefore, by (18), ~,, 2,, 2, are collinear. 


2 2 
Exercise 4.—Let p = 2ue + 2x be any point in the plane 
0 0 
of the triangle ¢,e¢,e,: show that lines through the middle 


points of the sides ¢,e,, ¢,¢,, and e,e, of the triangle parallel 


pay e: 


to ep, ¢,p, and e,p meet in a point 
L = [(, = Me, ata (12, ar 1,)e, —+ (2, + 1, )e, | a: 2>n. 
0 


By the conditions the vector from the middle point of ee, 
to pf’ is a multiple of the vector e¢, — pf; hence 


PS 4) = Heo P): [or 
B= 34, + 2) FHC. — 2) = 80 + A) +I — A); 
or, substituting value of A, 
P =3e,+e¢)+4(e, — Suez Zn) = dMe,+ ¢,)ty(e,— Suet =n). 
hence [(4#—$)zu+n(y—-xr)le, + uly — xe, 

, + [tt — 2a + nly — ye, = 0; 
therefore, as in the previous exercise, each coefficient must be 
zero, whence + = y = 4, and substituting we find pf’ as above. 
It follows also that the distances of f’ from the middle points 


of the sides are the halves of the distances of p from the oppo- 
site vertices. 


2. 
Prob. 3. Show that @ = $2¢ is collinear with f and f’ of Exer- 
0 
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cise 4. Also that, by properly choosing Z, it follows that @ is col- 
linear with the common point of the perpendiculars from the vertices 
on the opposite sides, and the common point of the perpendiculars 
to the sides at their middle points. 


Prob. 4. Given two circles and an ellipse, as in the figure, with 
centers at e,, p,, and f,. Radii of circles 4 and 
1, axes Of ellipse 2 and 4, small circle and ellipse 
touching large circle at e, and e, respectively, 
€,¢,é, an equilateral triangle: show that the cen- 
troid of the remainder of the large circle, afier 
the small areas are removed, will be at 


p = ds(16e, — p, — 26,)=s2(59¢ — 4¢, — 360): 


Prob. 5. If 4 of asheet of tin in the shape 
vax of an isosceles triangle be folded over as in 
as the figure, show that its centroid is given by 


32 = 271356, a é,) iE Tie, }: 


Prob. 6.) lia) tetrahedron) ¢iee.es haveca 
tetrahedron of $ of its volume cut off by a 
plane parallel to ¢,¢,e,, and one of ¢_ of its 
volume cut off by a plane parallel to ¢,e,¢, , 


show that the centroid of the remaining solid is at 


(= Bey (2274, ar 175@; Ae 239(¢, ai Ze) : 








ART. 5. REFERENCE SYSTEMS. 


Let # be any unit point, ¢,, ¢,, ¢, three fixed unit points, 
and w, x, y scalars; then, writing 


p= we, + 2, +I, (24) 
we must have also, because / is a unit point, 
wtaty=tI, (25) 


and pis the mean of the weighted points we,, re,, ye, The 
point p may occupy any position whatever in the plane ¢,e,e, ; 


for it is on the line joining we, + xe, with e,, and by varying 


zw aE 
y and w+ 4%, — remaining constant, # may be moved along 
x 
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this line from — oto + 0; while by varying the ratio — the 
x 


point we, + +e, may be moved from — o to + o along ¢,e,, 
and thus the first line will be rotated through 180 degrees, and 
p may thus be given any position whatever in the plane. 

A system of unit points to which the positions of other 
points may be referred is called a reference system, and the 
triangle ¢,¢,e, is a reference triangle. For reasons that will ap- 
pear later, the double area of this triangle will be taken as the 
unit of measurement of area for a point system in two-dimen- 
sional space. 

Similarly, in solid space, taking a fourth point e,, we write 

p=we,+ re, +- ye, + 2e,, (26) 
which impliesalso w+t+atytsz=1; (27) 
and g may be shown as above to be capable of occupying any 
position whatever in space by properly assigning the values of 
w, «, y, 2; so that ¢,,...¢, form a reference system for points 
in three-dimensional space. The tetrahedron g¢,¢,¢,¢, is called 
the reference tetrahedron, and six times its volume will be 
taken as the unit of volume for a point system in three-dimen- 


sional space. 
Eliminating zw between (24) and (25), we have 
p=e+2e,—2)+ye,—¢), (28) 
from which it may also be easily seen that f may be any point 
in the plane ¢,¢,e,. Writing p — ¢,= p, ¢, — ¢, = €,, &, —¢, = &, 
(28) becomes p=+xe,+ ye, (29) 
and e,, €, form a plane reference system for vectors. 
Similarly, from (26) and (27) we find 
| p = +e, -+ Ye, + 26,, (30) 
and €,, €,, €, are a reference system for vectors in solid space, 


any vector whatever being expressible in terms of these 
tiuiLee. 


If, in equations (29) and (30), the reference vectors are of 
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unit length and mutually perpendicular, we have unit, normal 
reference systems, and in this case z., 2,, 2, will generally be used 
instead of €, €,, &. 

Exercise 5.—To change from one reference system to an- 
Other wsayutrOnnd., eine. O eee, 

The new reference points must be connected with the old 
ones by equations such as 


/ / / ee / / / 

Com bin teh ESI Wh key tee 0g On LE Lee 
nok ! / / 
€é,= ne, +e, +1,¢,. 


Then any point p = +e, + +,e, + +,¢, will be expressed in 


terms of the new reference points by substituting the values of 


Metcitas wiven: Lives, 2, fe vate, SIVEN Inimerinseorminerald 


0? 


points, ¢,, ¢,, ¢, may be found by elimination. Thus, if ¢,’=2/e, 


é 


CEP Mee. == Ne, We Nave av ronce 








with similar values for e, and @,. 


As a numerical example let the new reference triangle be 
formed by joining the middle points of the sides of the old one. 
Then e,’ = $(e, +4), ¢,/ =4e, +2), 2,’ = 4(e,+¢,); whence 
Pome ete, ey, ee, oe Fee ey rete ere, 
Thus p= 4,¢, + 416, + 46, 

=(—4,+4,+4,)e/ +(4,—-4,+4,)e'/+@w+4,—2,)e,’. 


Exercise 6.—Three points being given in terms of the refer- 
ence points @,, é,, ¢,, find the condition that must hold between 
their weights when they are collinear. 


2 2 2 
et 5). = 210, Pp te, Paaeeie THEN. hey ee ees 
0 0 0 
scalars, we must have for collinearity, by (18), 


hip, +h, p, + haps = O; 


re) 
oe 
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that is, k,2le+ k,me+ kone =o, 

whence (2,2, + km, + Fm, )e, + (2,/, + km, + kn, Je, 
ah (2,0, ae RM, le Ry) ey <= O; 


and, as @,, é,, é, are not collinear, the coefficients must be zero, 


1 


ye rntte 4s ‘hence 
kl, t+ km, +kn= kl, thm, + kn, = kl, ab kim, + k,n, = 0, 


and, by elimination of the &’s, 


aa Mas 
LHI Io =O; | (31) 
Lt 11, 


which is the required condition of collinearity. 


aol ph SUR WIS one ly to ec opine Cd Marae tr ie CGY Aa el 
4¢,’ = 3¢, + ¢,, show that 7p = — 19¢,’ — 3¢,’ + 29¢,’. 


3 3 3 3 
Prob. 8. Find the condition that four points 2he, 2le, 2me, 2ne 
0 0 0 0 
Stialabercoplanarm ADS. (hy, Cy yy 72, |o Oh 


Prob. 9.. lf p= we, + «e,+ ye,, and there exist between the 
scalars w, x, y a linear relation such as dw + Bx + Cy =o, A, B, 
C being scalar constants, show that f will always lie on a straight 
line which cuts the reference) lines'in’Az7, — B¢,, Ae; — Ce,, and 
6Ge-a7 6,4, onsider the special cases when 4 — 5,18 = C).C—d- 
ee Om J Or AN GO. 


Prob. 10. If p = we, + xe, + ye, + 2e,, and there exist also an 
equation dw + Bx + Cy + Dz =0, show that ¥ will lie on a plane 


1 


ee @ 
which cuts the edges of the reference tetrahedron 11 race oe 
e € 

Cc Tree etc. Also, if asecond relation between the variables, 
such as 4’w+ B’x+C’y+ D’z=0, be given, then £ lies ona 
line which pierces the faces of the reference tetrahedron in 








| fj Pe eeei es | en, seen Fe: | 
EN Bon Gate. Da Aint be ete 
ee OIC oe Al Bt 
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ART. 6. NATURE OF GEOMETRIC MULTIPLICATION.* 


The fundamental idea of geometric multiplication is, that a 
product of two or more factors is that which is determined by 
those factors. 

Thus, two points determine a line passing through them, 
and also a length, viz., the shortest distance between them; 
hence f, p, = L is the sect t drawn from f, to p,, or generated 
by a point moving rectilinearly from Z, to £,. 


The student should note carefully the: difference between 
p,p, and p, — p,; they have the same length and direction, but 
the sect £,~, is confined to the line through these two points, 
while the vector f, — f, is not. The sect has position in addi- 
tion to the direction and length possessed by the vector. 


Again, in plane space, two sects determine a point, the 
intersection of the lines in which they lie, and also an area, as 
will appear later, so that Z,Z£, = f, in which g is not in general 
a unit point. In solid ‘space, however, two lines do not, in 
general, meet, and hence cannot fix a point; but two sects, in 
this case, determine a tetrahedron of which they are opposite 
edges. 

Lt appears, therefore, that a product may have different 
interpretations in spaces of different dimensions. Hence we 
will consider separately products in plane space, or planimetric 
products, and those in solid space, or stereometric products. 


Products of the kind here considered are termed “ com- 
binatory,” because two or more factors combine to form a 
new quantity different from any one of them. This is the 
fundamental difference between this algebra and the linear 
associative algebras of Peirce, of which quaternions are a 
special case. 


Before discussing in detail the various products that may 
arise, we will give a table which will serve as a sort of bird’s-eye 
view of the subject. 


* Grassmann (1844), Chap. 2; (1862), Chap. 2. 
TiOeCeen tl ak. 
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In this table and generally throughout the chapter we shall 
PECs Pn etC Ole DOlnistwG 6. 61, EC. 1Olavectols; 1.1/7. 


erro sccts,. Of liticase77.He, clc,, [Or plane-vectorsy, ands j1/7. 


2? 


etc., for plane-sects, or planes. Also f, f,, etc., as used in this 
table will not generally be unit points. 


The products are arranged in two columns, so as to bring 
out the geometric principle of duality. 


PLANIMETRIC PRODUCTS. 


apm Ls, VEU Bj leo yh 

2: f.p; = area (scalar). JA hse = (ated) (sealar)s 
pl = area (scalar). Lp = area (scalar). 
eel el a Lt Pb peg sg 1) Creme ix 

Dapre Pepe = D- PBs 20 OM ED mem hl Be 


Pape ep -lalea) (scalar), | bela. LL: (area) (scalar) 


€,€, = area (scalar). 





STEREOMETRIC PRODUCIS. 








phe se d Pal pitta 9 8 

Beep. ol, gd EN apie | 
Pi P:fsf, = volume (scalar). igi ee (VOUS =e (SGalanys 
~P — volume (scalar). Pp = volume (scalar). 
ye volumes(scalar). Lif = volume (scalar): 

pel IS ed ee JPA See GEN hams Ys 

~.PP,=P. P.p.p, =p. 

je 2 Mag ems 1S TEA I Viagem Br 

rap a0), Vb DEI peor 

fo. 1. en 

€,€,€, = volume (scalar). 7.1, = (volume)? (scalar). 


G,6,«.€,€, — €. M+ MMs = 1 
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Laws of Combinatory Multiplication.— All combinatory 
products are assumed to be subject to the distributive law ex- 
pressed by the equation 

A(B+ C)=AB+ AC. 


The planimetric product of three points or of three lines, 
and the stereometric product of three points or planes, or of 
four points or planes, are subject to the associative law. That is, 


In Plane Space: 
PDs Ps =P Pas Pa — Py Palisa) lly = LL eee 
InpoON deopaces 
Pep oD imp 2 Po D Nea DNs Pave wid il qacrethe api a ee ea 
PiPolsPs = Pi P2PsPs =P: P2-PsPi3 
TE Elle Sa Le ae 


1 Bi Sse ae 


The commutative law of scalar algebra does not, in general, 
hold. Instead of this, in the products just givenas being asso- 
ciative, a law prevails which may be expressed by the equation 


AL = — BA, 


from which it follows that the interchange of any two single 
factors of those products changes the sign of the product.* 


Since vectors are equivalent to points at o, the associative 
law holds for €,€,¢, and 7,7,7,. 


ART. 7. -PLANIMETRIC PRODUCTS. 


Product of Two Points.t—This has been fully defined in 
Art. 6, and it is evident from its nature as there given that 


(LR Dae (32) 


If ~, = p,, this becomes ,f, = 0, which must evidently be 
true, since the sect is now of no length. 


Also, PAP. — Ps) =2iP2 — BP, = PP (33) 


* Grassmann (1862), Chap. 3. + Grassmann (1862), Arts. 245, 246, 247. 
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But ~, — f, is a vector, say, €; hence 
PE = Piha (34) 
or the product of a point and a vector is a sect having the di- 
rection and magnitude of the vector; or, dgain, multiplying a 
vector by a point fixes its position by making it pass through 
the point. : 
To find under what conditions pf’ will be equal to Z,/,. 
Take any other point f, in the plane space under consideration, 


and write Pp —_ xp, sm Xp, eae LP =I) \P; ees EL vaeas with 


the conditions for unit points 24 = Sy =0. 


- 


bales ee bes: 
Vi Sau Pays ea 
If this is to reduce to f, f,, we must have the third condition 
vey a= yy it, Of; Whichirequires that a:— yy = oO; 
unless the coefficient of ~,f, is to vanish also. Thus ff’ must 
be in the same straight line with f,f,. If, moreover, in addition 


2 


Then 7’ = Pika t+ Via PP 




















a, 7, — 1, we shallhave pp =p. 9... Hence’ pp is! equal 
to ~,p, when, and only when, the four points are collinear, and 
pf is distant from p by the same amount and in the same direc- 
tion that f, is from P,. 


Product of Three Points.—By Art. 6 the product is what 
is determined by the three points. In solid space they would 
fix a plane, but, as we are now confined to plane space, this is 
not the case. The points evidently fix either a triangle or a 
parallelogram of twice its area, and the product /,,/, will be 
taken as the area of this, or an equivalent, parallelogram. 


This area is taken rather than that of the triangle, because 
it is what is generated by ~,f, as it is moved parallel to its 
initial position till it passes through £,. 


We have 7,f,), =p: -p.ds = — P,-Psb: = — PPL $0 that 


if we go around the triangle in the opposite sense the sign is 
changed. As this product possesses only the properties of mag- 
nitude and sign it is scalar. 


3 3 3 
Write 2 = 2 xp, i =, FU a 220; then 


oo 
P 
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at otc a 


PL PL NV ays PUNE Ess (35) 


ind 
Cia lie Mose | Bs 


that is, any triple point product in plane space differs from any 
other only by a scalar factor.* 


Finally, 2,2,2, =£,(2, — 2,4, — 2,) = 2,€€; (36) 
if € = Pp, aes and é =p, oor WAL 


Product of Two Vectors.—Using the values of e€ and é’ 
just given, we see that e€ and e’ determine the same paral- 
lelogram that /,, ~,, and pf, do; hence the meaning of 
the product is the same in all respects in two-dimensional 
space. 

We shall have ee’ = — e’e, for 


I= (2, — PNP: — p,) a Lars (Ps —2p,)(2, — p,) iy as 


since we have shown that inverting the order changes the sign 
in a product of points. The result may be obtained also by 
regarding € and e’ as points at infinity, or by consideration of 
a figure. 

As we have seen that ee’ has, in plane space, precisely the 
same meaning as f, ~,f, we may write 


Pi Pobs = Pie€’ = €e’ 
=(2,—Pi) Ps — 21) =PraPs t+ Pht Dib (37) 
Thus the sum of three sects which form the sides of a triangle, 
all taken in the same sense as looked at from outside the 
triangle, is equal to the area of the triangle. 


Product of Two Sects.—Any two sects in plane space, 
_ £,, £,, determine a point, the intersec- 
tion of the lines in which they lie, and 
an area, that of a parallelogram as in 
the figure. Let f, be the intersection, 
andetake fj eand:) so that. 27947 ands a a eee, 





P, bar P, 


* Grassmann (1862), Art. 255. 
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determined by Z, and Z, is then the same that we have 
given as the value of £,f,~,. We write therefore 


LL, = PP: Pbs = PPiba Pro (38) 

The third member of (38) is not to be regarded as derived 
from the second by ordinary transposition and reassociation of 
the points, for the associative law does not hold for the four 
points taken together, since ~,f,f,.f, = 0. The third member 

| simply results from the definition of Z,Z,.* It may be taken 
as a model form which will be found to apply to several other 
cases, for instance to (38) when points and lines are inter- 
ehanged throughout. Thusj;ifp,— 2/7 and 9. = LE weshave 
PERIL A Pi Me ee IEEE VER (39) 

Oiabakes aan). sOihal Jip. hand p paras yp pes 


evidently some multiple of Z,, say xZ,; hence 


0? 


I 
PiP, =nl,= Pia -Pibr)-(PiPs 02s) 


I , ; 
GPP ahs -p;) (P:PoPo pa) by (38), 


I 
wit. -P:PrP: -PiPrh: - PP» because £,f,p," and 
A fe Davaverscalats 


[ / If 
antes (2:22-2:21 -PrPr)-L,, by (38), 
wee ye which was to be proved: 


Product of Three Sects.—The method has just-been indi- 
cated, but we may also proceed thus: Let the lines be 
tere ean lotus). be theit common; points. Lake 
PEdlals 77g foes tidte/ it, Doo. etc. tien 


LLL, em N,N,N, PP, -PrPro PP: Tah NNN, y GY -PrPo PrP 
ae pee ANGE PPP. -PxP Pi a NNNAD PsP) (40) 


* Grassmann applies the terms ‘‘eingewandt” and ‘‘regressiv ” to a prod- 
uct of this kind, the first term being used in the Ausdehnungslehre of 1844, 
and the second in that of 1862. See Chapter 3 of the first, and Chapter 3, 
Art. 94, of the second. 
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Product of a Point and Two Sects.—Let g be any point and 

let ZL, and Z, be as in (38); then 
PLL, =P Pb: Pdi =P -PobPo-P. =P Pidr- Ph» (41) 
It has been here assumed that pZ,l, =p.L,L£,. The prod- 
lictais. not “associative, for 7/27. 1s the since amines ste 
scalar pL,, a different meaning from that assigned in (41). As 


a rule, to avoid ambiguity, the grouping of such products will 
be indicated by dots. 


Product of Two Parallel Sects.—Let them be p,€ and 1p, ¢€ ; 
then, as in (38), 


P,6. UP SN. P62 P,6 = SEP. 6p, — 1. CP Pe, wae) 
that is, a scalar times the common point at o. 


Addition and Subtraction of Sects.—Let Z, and Z, be two 
sects, ~, their common point, and g, and fg, so taken that 


L, = PP; ’ t, =)? ; then 
bs a L, =P Pp, = Pils 7p + 2,) = 2p,p; (43) 


p being the mean of f, and g,; hence the sum is that diagonal 
of the parallelogram which passes through Z,. Also 


L,—L, = 6,(2: —b.); (44) 
so that the difference of the two passes also through f, and is 
parallel to the other diagonal of the parallelogram determined 
by ZL, and Z.. 

If the two sects are parallel let them be z,f,€ and 1,f,¢€; 
then 
1 p,e + 1,p,€ = (sp, + Maple =(%, + %,)pe,, (45) 
so that the sum isa sect parallel to each of them, having a 
length equal to the sum of their lengths, and at distances from 
them inversely proportional to their lengths. 


If x, = —, the two sects are oppositely directed and of 
equal length, and the sum is 
n,( p,€ —H,€) = n(p, we as. (46) 


_ which, being the product of two vectors, is a scalar area. 


PLANIMETRIC PRODUCTS. ol 


Consider next 7 sects f,€,, £,€,,-. + Pn€n, and let e, be some 
arbitrarily chosen point; then 


ape= ee — eae ape=e,ze + SOpeae el (47) 
1 1 1 


The second term of the third member of this equation, being a 
sum of double vector products, that is, a sum of areas, is itself 
an area, and is equal to the product of any two non-parallel vec- 
tors of suitable lengths. Therefore, a and # being such vec- 
tors, write Se = aand 3(p —e¢,)e = af. Hence (47) become 
a Pet Gite OO = Gye a. (48) 
Let g be some point on the line 2fe; then 
ape =O = Gea + gap = ge,a + af, 

by (37), hence gea=— afB= Ba. 


The figure presents the geometrical mean- 





ing of the equation, and hence it appears that 
ga(= 2pe) is at a perpendicular distance from e; 
é, of 
; af a(p ca rae 

ital Tomes (49) 





It is easily seen that a sect possesses the exact geometrical 
properties of a force, namely, magnitude, direction, and position, 
and the discussion of the summation of sects which has just 
been given corresponds completely to the discussion of the re- 
sultant of a system of forces inaplane. In this algebra, then, 
the resultant of any system of forces is simply their sum, and 
this will be found hereafter to be equally true in three-dimen- 
sional space. The expression in (46) corresponds to a couple, 
as does also the =(p — e,)e of (47); and this equation proves 
the proposition that any system of forces in a plane is equiva- 
lent to a single force acting at an arbitrary point, e,, and a 
couple. Equation (49) gives the distance of the resultant from 
this arbitrary point. 


Exercise 7.—To find x, y, from the scalar equations 


at--6, y+ C3 = d,, To oe Mra C48 = a, » ae ia DS too C44 = d,. 
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Multiply the equations by 7,, ,, and £, respectively, and 
add; hence 


a2ap + y2lp + 22—p = Zap. 
Now Zap, dp, etc., are points: multiply the equation just 
written by 2ap. 2p; thus 
Zaap. Zopacp = Sap. Zbp. Sap, 
because Zap. 2ap = O, etc.; therefore 
g= 2ap.2bp. dp Zap. =bpscp =(a,, 6,, d,|\+[a,, 4, 4], 
avery simple proof of the determinant solution. Of course 
x and y will be found by multiplying by the other pairs of 
points. 

e, Exercise 8.—Forces are represented 
by given multiples of the sides of a par- 
allelogram ; determine their resultant. 

Let the parallelogram be double the 
&o of triangle ¢,¢,e,, and the forces 


Rye e, = kee, =e) é,) ae nec; ce, é,) Se CARS — ape 
= (2, + Ry )ees + (Ay + A a)e1la + (ha + hs) eal 


Multiply by ¢,e, to find where the resultant cuts this line, 
then 


(4,12, )é,¢, ‘ Cb, phe Re) eyes P €4€5 = C6165 bi L(A, +4,)e, ae (4,-L&,)e|, 
or ee, cuts the resultant at the point 


[(Z, + Fa)e: — (Fa + &)@,] + (A, — 4). 

Similarly the resultant cuts the other sides of the reference 
triangle at [(4,+ 4,)e, — (F, + Z,)e,] + (4, + 2, —% — k,) and 
at [(2, + &,)e, — (2, + £,\e,] + (2, — 4): 

Suppose 12. — 4 = 4% then (eaCusolmEneutn teem imus 
just found recedes to infinity; but in this case 2fe reduces to 
2k (e,e, + €,¢, + e,¢,) = 2#,(e, — e@,\(@, — @,), and the system is 
equivalent to a couple. 

Prob: 11. Construct the-resultant of Exercise 8 when 4, =a 
Mem Oe k= 13, hem As WHEN UA a1, Ay oe, ay ee Nv 
£, = 3,2, = 4,= 2, 4,= 1; and when 2, — 4, —1, 4, — 4, = — 2, 


THE COMPLEMENT. Son 


Prob. 12. There are given # points f,...f,; to find a point ¢ 
such that forces represented by the sects ef,, ¢f,, etc., shall be in 

Soe es RINGERS to) ch ony La 
equilibrium. (The equation of equilibrium is 2es/=e2p= ep = 0. 


Hence ¢ coincides with the mean point of the /’s.) 

Prob. 13. If a harmonic range ¢,, A, ¢,, P’ be given, together with 

some point ¢, not collinear with these points, show that 

C0, 2. Sone Ca Peg. Gy Dieas 
(Let = m,¢,-+ m,e, and p’ = m,e,— m,¢,, as in Exercise 2 of 
Art. 3.) ; 

Prob. 14. Show that the relation of Prob. 13 holds for any four 
points whatever taken respectively on the four lines ¢,¢,, @,f, ¢,¢,; 
e,p’. If the four points are all at the same distance from e,, show 
that the areas ¢,e,p, etc., become proportional to the sines of the 
angles between ¢,¢, and ¢,/, etc. 


ART. 8. THE COMPLEMENT.* 


Taking point reference systems, or unit normal vector ref-. 
erence systems, as in Art. 5, the product of the reference units 
taken in order being in any case unity, the complement of any 
reference unit is the product of all the others so taken that 


the unit times its complement is unity. 


To find the complements of quantities other than reference 
units the following properties are assumed: 

(a) The complement of a product is equal to the product 
of the complements of its factors. 

(0) The complement of a sum is equal to the sum of the 
complements of the terms added together. 

(c) The complement of a scalar quantity is the scalar itself. 


Considering now the point system in plane space ¢,, ¢,, @, 
with the constant condition ¢,¢,e,= 1, the sides of the refer- 
ence triangle taken in order are the complements of the oppo- 
site vertices, and vice versa. 

The complement of a quantity is indicated by a vertical 
line, as |f, read, complement of ¢. 


* See Ausdehnungslehre of 1862, Art. 89. 
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Thus letenees PAG FOR ay 
l= lor ao = 1141) = Ms 
|e, av C yey» ae Sphere = ey: 


For ¢,|¢, = ¢,¢,¢, = 1, ;which agrees with the definition > 

2,05 | C, Sy lglg = Ee Oat pe eee Dae 
and (38) ; 

2y€ lg Cpe) Cpe tee C0, « Clg Che iC Ce.) ee eee ee 


BOTCEs With) (C) sey Ken =e, ee tO nen ee ae 
2. 
Next take any point p, = 2/e, and we have, by (4), 
0 


A=2/| es heeet heer hee lll] ~ 7) e at 7, = ZL. (80) 
Thus the complement of a point is a line,* which may be 
easily constructed by the fourth member of (50), which ex- 
_ presses this line as the product of the points in which it cuts 
the sides ¢,e, and ee, of the reference triangle. Comparing 


this equation with Ex. 3 in Art. 4, it appears that |, above is 


3 PE es i c 
related to the point > -'as the line 7.7, of Ex. 3s tothe pois 
0 
ne. Hence |f, may be found by constructing this line cor- 
e 


l 


2 
responding to >'- as shown in the figure of Ex. 3, Art. 4. 
0 
Again, the line |f, may be shown to be the anti-polar of p 
with respect to an ellipse of such dimensions, and so placed 


upon ¢.¢.é, that, with reference to it, each side of the reference 


Di gulnt 


triangle is the anti-polar of the opposite vertex.* From this 
it appears that complementary relations are polar reciprocal 


a 
relations. Take any point p, = 27me, and we have 
0 


7s \Po mo (2:2, ot L,, ate L,€y)(2,€,€, SIE 11,€,€, Sy a712_ epee 
= Sin = Sme. Oke a7 pe (51) 


** See Hyde’s Directional Calculus, Arts. 41-43 and 121-123. 
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so that this product is commutative about the complement 
sign, and scalar. This is true of all such products when the 
quantities on each side of the complement sign are of the same 
order in the reference units. Take for instance the product 
PiPr|P.P, This is scalar because |~,f, is a point, so that the 
whole quantity is equivalent to a triple-point product ; and we 


have P,P, \P.2P. =|PsPi+PiPs = |(P.0.|P.P2) = PoP, |PiP» by (a) and 
feyecl tf: however, sucha quantity be taken as fp, . |p, it is neither 
scalar nor commutative about the sign |; for, |f, being a line, 
the product is that of two lines, that is, a point, and 


Pb |\P:= —|2:-P:if, = — (Ps - |P:21)- (52) 

Such products as we have just been considering are called 

by Grassmann “inner products,’* and he regards the sign | 

as a multiplication sign for this sort of product. Inasmuch, 

however, as these products do not differ in nature from those 

heretofore considered, it appears to the author to conduce to 

simplicity not to introduce anomenclature which implies a new 

species of multiplication. For instance, f|¢ will be treated as 

the combinatory product of # into the complement of g, and 
not as a different kind of product of p into g. 


The term co-product may be applied to such expressions, 
regarded as an abbreviation merely, after the analogy of cosine 
for complement of the sine. 


Consider next a unit normal vector system. By the defini- 
tion we have 








n= ty [n= [(14) = — 4, 
Mecausee try (tet. te—2 1; 
Mei (ah a tT g 
RISO tates — ft Os Fell d)- it ae 
Next iet 
Peps treet 4A 471 ey SME BG R= emt A wh 


* Grassmann (1862), Chapter 4. 
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then, by (0) and (ce), 
|e, = m,\1, + ™,|1, = 1,1, — Ml, (53) 
By the figure it is evident that |e, is a vector of the same 
length as e, and perpendicular to it, or, in other words, taking 
the complement of a vector in plane space rotates it positively 
through go°. ) 
The co-product e,|e, is the area of the parallelogram, two 
of whose sides are e, and !e, drawn outwards from a point; if 
€, is parallel to |e,, this area vanishes, or e,|€, = 0; but, since 
|e, is perpendicular to e,, €, must in this case be perpendicular 
to €,; hence the equation 
€| Gi ONS (54) 
is the condition that two vectors e, and é, shall be perpendicu- 
lar to each other. 
The co-product e,|¢,, which will usually be written e2, and 
called the co-square of eé,, is the area of a square each of 
whose sides has the length 7e,; hence 


Te, = Vela =Vee (55) 
Let a, and a, be the angles between z, and e, and between 

z, and e, respectively, as in the figure. Then 
E,€, = m,n, — mn, = Te,Te, sin(a, —a,), (56) 


the third member being the ordinary expression for the area of 
the parallelogram €,e,. Also 


€,|€, = (#1, + m,1,)(%,1, — 2,1,) 

= m,n, +- m,n, = Te, Te, cos (a, — a,), (57) 
the last member being found as before, remembering that 
sin (90° +. a, — a) = cos(a, — a). 


¢ 


If in (57) we let ¢, =e,, whence ~, =m, and x, = m,, we 
have 
a VPN Piel. 2 
Te, = VE = Vm + mi. (58) 
If Ze, = Te, = 1, then m, =cosa,,m, =sina,, NEOs On 
m, = sin a,, and equations (56) and (57) give the ordinary trigo- 
nometrical formulas sin(@, — a,) = sin a, cos a, — cos a, Sin a, 


THE COMPLEMENT. Da 


and cos (a, — a,) = cos @, cosa,+sina,sina,. Squaring and 
adding (56) and (57), there results 
Te,. Te, = €,-€° = (€,€,)' + (€,| 6)" (59) 


Attention is called to the fact, which the student may have 
already noticed, that such an equation as AL = AC, in which 
AB and AC are combinatory products, does not, in general, 
imply that B=C, for the reason that the equation A(6—C)=o 
can usually be satisfied without either factor being itself zero. 
Thus pl, = pl, means simply that the two quantities which 
are equated have the same magnitude and sign, which permits 
LZ, to have an infinity of lengths and positions, when / and JZ, 
mare civen. sbhe equation p)p;'— p/0,, 007,00.) 7) ==.0; peand 
p, being unit points, implies, however, that ~, = /Z,, unless Z, is 
aia. that 1S.a Vector, 

Exercise 9.—A triangle whose sides are of constant length 
moves so that two of its vertices remain on two fixed lines: 
find the locus of the other vertex. 


Let ¢,e, and e,e, be the two fixed lines, 
- and pp’p” the triangle. Let pe be per- 
pendiculars to 17 77, pf — 2, — we, and 
p'—¢,=ye,; then p” — fp’ = ye, — re,, 
T( ye, — xe, ) =c = constant, by the con- 
Miitions: “21S0,. 2 ge == constant == me, 
say, and Zep = constant = mc, say. Hence 





& g; P 


JE, — XE, 


e—p= EAE GIR alas gE TE 


= m( ye, — %€,), 


and similarly p—e=x|(ye, — xe,). Therefore 
P—2=—p= re, a m Je, ny x€,) oe n\( V€, ay: x€,), 
an equation which, with the condition 7( ye, — xe,) =, or 
PE — 24YE, | €, ae x*€,* oi G, 
determines the locus to be a second-degree curve, which must 


in fact be an ellipse, since it can have no points at infinity. 
Let us rearrange the equation in p thus: 


p= x[(1 — me, — xn e,] + 7[me,+ x\e,] = xe+ ye’, say, 
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so that e = (I — mje, — mle, and = me, + n\e,; then multi- 
ply successively into € and e’; therefore pe = ye’e and 
pe = -xee’. Substituting these values of + and y in the equa- 
tion of condition, we have 


€,2. (pe) + 2e€,|€,. pe. pe’ + €,“(pe’)? = c*(E€’)’, 


a scalar equation of the second degree in p. 


Exercise 10.—There is given an irregular polygon of 
sides: show that if forces act.at the middle points of these 
sides, proportional to them in magnitude, and directed all out- 
ward or else all inward, these forces will be in equilibrium. 


Tset'z, beca vertex of they polycon, and det cen ceca 
represent its sides in magnitude and direction. Then the mid- 
dle points will be ¢,-+e,, ¢,-+ 2e,+ e,, etc., and, using the 
complement in a vector system, we have 


2 pe = (6,16) | + (CoH 2€, 1) | lo 26+ 26 +6) | Et +e + 
+ (¢,-+ 2e,+...-+ 2e,_, + e,)]€, 











ne n oes un 
= é, Ze+ 2 + 2e, 2e-+ 26, Zze+...+ 26,_,\€, 
1 1 2 3 
a n 2 : 
=e¢,| 2e+ (3 c) = 0, which was to be proved. 
1 1 





Exercise 11.—A line passes through a fixed point and cuts 
two fixed lines; at the points of inter- 
section perpendiculars to the fixed lines 
are erected; find the locus of the inter- 
section of these perpendiculars. 

Let the fixed lines be ee, and ¢,e,, 
and the fixed point e, + ¢«,; the moving 
line cuts the fixed lines in pf’ and 2”, 
at which points perpendiculars are 
erected meeting in 7. 





: Tecipirm e, — Paf — , —ot Cohen eee Ce ie 


then p= +e, 2’\e,= ye,+y’|e,, whence p|e,= x and ple,= y. 
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Also, since e, + ¢,, ’, p” are collinear points, 


(+e, ai €,)( W€, a é;) =O *IE,€, ae Sc aE VEE,5 
or, substituting values of # and y, 


Ple,.p\e,-€,.64- P| e,: 6,6, +. P| ¢,. 6,6. 0, 
an equation of the second degree in p, and hence representing 
a conic. 


Prob. 15. If @, 4,¢ are the lengths of the sides of a triangle, prove 
the formula a* = 4° + ¢? — 2b¢ cos A, by taking vectors €,, €,, and 
€; — €1 equal to the respective sides. 

Prob. 16. If e,€, and e,€2 are two unit lines, show that the vec- 
tor perpendicular from e, on the line (e, + ae,)(e, + 4¢,) is 
-adetioa . | (d€2 — aé,), of which the length is elais ; 
(Ge, — aé,)* T(bé: — aé,) 
this derive the Cartesian expression for the perpendicular from the 
origin upon a straight line in oblique coordinates, 
ab sin co + (a’° + 4 — 2a6 cos @)*%, @ being angle between the axes. 

Prob. 17. If three points, me, + ”e,, me, + mez, me, + ne,, be 
taken on the sides of the reference triangle, then the sides of the 
complementary triangle, |(e, + ze,), etc., will be respectively paral- 
lel to the corresponding sides of the triangle formed by the assumed. 
points (me, + ve,), (me, + me,), etc. 





From 


ART. 9. EQUATIONS OF CONDITION, AND FORMULAS. 


Several equations of condition are placed here together for 
convenient reference: some have been already given; others 
follow from the results of Arts. 7 and 8. When we have 

Piha; LL, = 0, 
a (60) 
or 1, Pp, HPs says or nL, ar nL, —1 ©, 


the two points coincide ; the two lines coincide; 
Pi P:Ps = % | eae 
or Sup = 0, f or ya O, (61) 


the three points are collinear; | the three lines are confluent. 
6.€n =O). ON itt: €0-1 77.6410) (62) 
the two vectors are parallel (points at infinity coincide); 


G62 0, (63) 
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the two vectors are perpendicular ; 
P| 2. =O, E10, (64) 
either point lies on the com-| either line passes through the 


plementary line of the other. | complementary point of the 
other. 


If we write the equation 


p= 4,€, 2 4 4€q) 
x,€, is the projection of p on e: parallel to e,, and +,¢, is the 
projection of p on e, parallel to e,. Multiply both sides of the 
equation into e,; therefore pe, = v,€,6,, or +, = pe, + €,€,. 
Similarly, multiplying into €,, we have pe, = +,€,€,, or 
4H, = pe, + €,€,, whence 
SE erin es aoe: 
Petre ke sla oa (65) 
The two terms of the second member of (65) are therefore 
the projections of pon €, parallel to e,, and on e, parallel to é,, 
respectively.* 
Let e, and e, be unit normal vectors, say, z and |z; then (65) 


becomes | 
Pit plt prt ap. (66) 
or, if z, and z, be used instead of z and |z, 
PS pla att, op) te (67) 


Again, in (65) let op = ,, clear of fractions, and transpose ; 


therefore 
€,€,.€, + €,€,.€, + 6 €,.€, = 9, (68) 


a symmetrical relation between any three directions in plane 
space. Let 7, — We) <= ie, '— My and anultiply (63) antosies 
thus €,€, + €,€,.€,|e, + €€,.6,|€, = 0, (69) 
which is equivalent to 

sin (a + #) = sin a COs BP +cos asin £, 


the upper or lower sign corresponding to the case when e, is 


* Grassmann (1844), Chapter 5 (1862), Art. 129. Hyde's Directional Calcu- 
Jus, Arts. 46 and 47. 
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between e, and e,, or outside, respectively. Writing in (69) |e, 
instead of €,, we have 
€,|€, — €,|€,- €,|€, + 6 €, .€,€, =9, (70) 

which gives the cos (a+ f#). These formulas being for any 
three directions in plane space, are independent of the magni- 
tude of the angles involved. 

There is given below a set of formulas for points and lines, 
arranged in complementary pairs, and all placed together for 
convenient reference, the derivation of them following after. 


P=(0,2:0:) [P.-P2: 22 +2, PPsP. + Pr P21); 
In TTPO iid LES Bute Pie EE Deel PAT EAL Wi 


De P02.) Pi he 2 Perr Palo 22s 2, Pie DA Pal, (72) 
UR yh elt Deke Di rtN ren Et hen bap 


PLP SOI DG pes ares G18 9 IDG LI Ly ee wa Ee We LLY LE ) 
=  D,-PPidi—Li-PiPibo | 
Pea) 


(71) 




















ISVS IONE eice (708) OW Rew MR SV SO a 
ae AIS SA AIR ROIS SN BM Se U8 
D, a ae ey VERSA 7) 
Fy A ies , Lat, M,=— ) 
? ales | Py Eat ea ee 
12: Pol A |W, L,|M, 
CR L,|M MM, = , 
CPC a AZ, L,|M, (75) 
P12: Bil 9% Ee OG: 
23 q192 aa > L,L,| MM, — f ; ; f b] 6 
? | Pal DZ: Bags L,| M, EMIS 7 ) 
Pol% Pol: Pol % 
Pr PrP a> WI9a = |Pil%o Pil GQ: Pils (77) 
221% 2ol% Pals 








The complementary formula to (77) is not given, but may 
be obtained by putting Z’s and J/’s for f’s and q’s. 


Derivation of Equations (71){77).—Equation (71). Write 
p=+,.0, 14,0, ++4,pf, and multiply this equation by 7, 7,; 
then Di P2P = * Pi PrP» or X, = Pip. = PLP x 
Multiplying similarly by pf, and by Z, f,, we find 
«, = ph.p. +p, p,p. and x, = ~p,p, +p, p.p. The substitu- 
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tion of these values gives the first of (71), and the second is 
similarly obtained or may be found by simply putting Z’s for 
?’s in the first. 

Equation (72). Write p = #,|f, 2, + %,| PaPo + 4a| Do Pr» and’ 
multiply into |~,; thus p|p, = x, p,f,f,. Find in the same way 
values of x, and x,, and substitute. 


Equation (73). Write ~, 2, .2,2, = «xp, + yp,, and multiply 
Dyepp retherclore 20.1 f Paap tg PG Oly weg) 
Ps Phi - Pir Ps = *PP DP, = — *Pr hp; Of, X =— f.p,p, Multiply- 
ing by pp, we find y= /,/,/,, and on substituting obtain the 
first of (73).. For, the second ‘put, pp; 5p, 2; —' 29, = 7p, and 
proceed in a similar way. 

Equation (74). In the first of (73) put 2,2, =|¢,. 

Equation (75). In the fourth of (73) put 

WB e / B Pret aes IED, ans Ppp. oe By Voy 

Equation (76). Multiply (75) by £,. 

Equation (77). In the Se of (72) put g, for p, and Ee 
by P.P,.+ 99,3 then 


PPPs + W9s = 9091 |PrPa-Qa|PoT 2041 |PoPo + 221P: + 90% Ep 92| Ps 

Pld, Ald, Pal. Pal PilQe Pol 

a ge Se (a4 2|%e° ae ae - 
Pldeloia, pial? ?l® lie, ala? lola pie 

by (76), which is equivalent to the third order determinant of 


equation (77).* 
Exercise 12.—To show the product of two determinants as. 

















a determinant of the same order. 
2 
Let p,=2%, p.= ULE MD eee NE ae a NC LE, ee 


then pe)! p= ie M,, ie C.0gn— Be MM, V¥,|; also 

PNG) =A LA. ey res 211% = MA, + MA, + m,A,, etc. Sub- 
stituting these values in (77), we have the required result. A 
solution may also be obtained directly without the use of (77). 


2 

Let the g’s be as above, but write J, = 3/7, 6, = mq, p, = Sng. 
0 

Then 


PD pr=2lg . Amg. Sng=[L,, My, 219.9, Jo=[lo1 May Mal[Ags Mys M2]: 
* Grassmann (1862), Art. 173, 
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Also p, = 2, 2re +l Syue+ lsve ; 

= (LA BL MAZAY Oot (A FAM EZY OE (CAE Mote va )eny 
with similar values for ~, and ~,, which on being substituted in 
PDPif. give the result. Equation (77), however, exhibits the 
product in a very compact, symmetrical, and easily remembered 
borm,* 


Exercise 13.—Show that the sides 7, /,, ~,2,, 2,0, of the tri- 
angle ~,f,p, cut the corresponding sides|/,,|/,,|f, of the com- 
plementary triangle in three collinear points. 

The three points of intersection are, using (74), 
Pibs+|\Ps=— Pi -PalPst Pa-Pi\Par Pads |Pi=—Pr-Po\Pi TPs -PalPv 
Di Pe — 2 PP Pp ebelPa 0! Which the sum “is “zero; 


showing that the points are collinear. It may be shown in 
the same way that the lines joining corresponding vertices are 


confluent. 


Exercise 14.—-If the sides of a triangle pass through three 
fixed points, and two of the vertices 
slide on fixed lines, find the locus of 
the other vertex. 

Let the'fixed points and lines be 
ome Caen AN Ce pied. Aerie 
Vertices, of ‘the, triangleyeas. in. the 
figure. Then 7'p,f’ =0; fp’ coin- 
cides with #f,.2, and p” with pp,.£,; hence substituting 
(pp,. L,)p,(L,-2,~) = 0, the equation of the locus, which, being 
of the second degree in P, is that of a conic. 





Prob. 18. Show that if the three fixed points of the last exercise 
are collinear, then the locus of ~ breaks up into two straight lines. 
Use equation (73). 

Prob. 1g. If the vertices of a triangle slide on three fixed lines, 
and two of the sides pass through fixed points, find the envelope of 
the other side. (This statement is reciprocally related to that of 
Exercise 14, that is, lines and points are replaced by points and 


* These methods may be applied to determinants of any order by using a 
Space of corresponding order. 
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lines respectively, and the resulting equation will be an equation of 
the second order in Z, a variable line.) 

Prob. 20. Show that if the three fixed lines of Problem 1g are 
confluent, then the envelope of Z reduces to two points and the line 
joining them. 


ART. 10: STEREOMETRIC PRODUCTS. 


The product of two points in solid space is the same as in 
plane,space.. ce wrt. 7. 

Product of Three Pointsx—Any three points determine a 
plane, and also, asin Art. 7,an area; hence Z,f,/, is a plane-sect 
or a portion of the plane fixed by the three points whose 
area is double that of the triangle 2,f,f,.. It may be shown, in 
the manner used in Art. 7 for the sect, that no plane-sect, not 
in this plane, can be equal to 7,f,f,, and that any plane-sect in 
this plane having the same area and sign will be equal to p,f,/,.* 
Of course 7,7, /, is not now scalar. 


Product of Four Points.—Any four non-coplanar points 
determine a tetrahedron, say 
D:P.psP. and six times the vol- 
ume of this tetrahedron is 


product, because this is the 





volume of the parallelepiped 
generated by the product /,/, Z,,—1.e. the parallelogram /,, f,,— 
when it moves parallel to its initial position from f, to 7, Let 


2,—f,=6p,—£,—¢€,p,—p—,=€', then 
PPPDs = PPP Ee = Pip, €' = piece”. (78) 
If 2, = Zhe, p= Sle, ne Some, yc Ene, then 
DP Deh a CL LANE CRM ay, MIO NTL, Ve) CnC ea a 


from which it appéars that any two quadruple products of 
points differ from each other only bya scalar factor, that is, they 
differ only in magnitude, or sign, or both; hence such products 
are themselves scalar.t If £,4,f,f,= 0, the volume of the 


tetrahedron vanishes, so that the four points are coplanar. 


* Grassmann (1862), Art. 255. ¢ Grassmann (1862), Art. 263. 
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Product of Two Vectors.—The two vectors determine an 
area as in Art. 7, but they also determine now a plane direc- 
tion, so that the product e,e, is a plane-vector, and is not scalar 
as in plane space. Also, é,e, differs from /,¢,¢€, now just as é 
differs from fe; namely, e,e, has a definite area and plane 
direction, that is, toward a certain line at infinity, while /,e,¢, is 
fixed in position by passing through f,. Equation (37) there- 
fore does not hold in solid space. 


Product of Three Vectors.—Three vectors determine a_ 


parallelepiped as in the figure above, and ee’e” is therefore 
the volume of this parallelepiped. Any other triple vector 
product can differ from this only in magnitude and sign. For 
let €,€,e€, be such a product, and write 


e=7,¢,+ 46,4 7,6, = Bre, ¢ = 276 é 1 = Bee; then 


eo aoh. te 
eee’ = DreDyelze =|), Vo Vs |€,Er€ys (80) 

Biel) ae 
so that the two products only differ by the scalar determinant 
factor. Hence the product of three vectors must be itself a 
scalar, by Art. 1. Since, then, the product of four points has 
precisely the same signification as that of three vectors, we may 

write 

PiPPsP1 — p,ece™ = ee = (2, eS NEP ae Et aa Ay) 
= Pipl. — PPP: + PPP. — PPPs (81) 


Thus the sum of the plane-sects forming the doubles of the 
faces of a tetrahedron, all taken positively in the same sense 
as looked at from outside the tetrahedron, is equal to the 
volume of the tetrahedron. Compare equation (37). 

If ee’e’’ =0, the volume of the parallelepiped vanishes, 
and the three vectors must be parallel to one plane. 

Product of Two Sects.—In solid space two sects determine 
a tetrahedron of which they are opposite edges. Thus 

PiPPDPs = bib, DP = LL. =P Di Didi= LL, (82) 

so that the stereometric product of two sects is commutative, 
and has the same meaning as that of four points. | 
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Product of a Sect and a Plane-Sect.—Let them be Z and 

P, and let ~, be their common point; take 7,, ~,, 2, so that 

Dap poand P=fp pp.) and? -evidentlyedetenminc athe 

point ~,, and also the parallelepiped of which one edge is L 

and one face is P, so that the product should be made up of 
these two factors. Hence we write 

LP = pip PDrbs = PP Pb r+ br 


PL =p,b.P, PDP, = PPDD p, = LP. ) 

If Zis parallel to P, f, is at infinity, and, replacing it by e, 
(83) becomes 

PIN ep E77 Ben ane (84) 

Product of Two Plane-Sects.—Let them be P, and P,, and 
let Z be their intersection, while f, and f, are such points that 
Peep and, = (075 then) ander edetermincstienimeasss 
and also a parallelepiped of which they are two adjacent faces, 
and 

PEP LS De Ree Palen a ee (35) 

If P, and FP, are parallel, Z is at infinity, and is equivalent 
to a plane-vector, say to 7; hence, substituting in (84), 

WW ek =I0 PRS 1 RaSh GON PS ae (86) 

Product of Three Plane-Sects.—By (85) and (83) this must 
be the square of a volume times the common point of the 
three-planes: .or, 1{-9.,.9., pop. be fakensin sstich ma niemiiate 
P, =P Piha Pr =PP Pv Ps = hip px» then 

i igh 023 ./03),.\0L2— O23 5 O12 380 Let pa ile a 

the suffixes being used instead of the corresponding points. 
If , be at infinity, the three planes are parallel to a single line, 
and may be written P,=7,¢f,f,, etc., and then treated as 
above. 

Product of Four Plane-Sects.*—Let-the planes be P,... P,, 
and let f,..., be the four common points of the planes taken 
three by three. #,...m, may be so taken that P, =p p,),, 
etc.; then 

PE ea Ne, ed BOO ROTO re 
= ,1,2,N,( DP, PP;) (88) 


* Grassmann (1862), Art. 300. 
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Product of Two Plane-Vectors.—Let 7, and 7, be two plane. 
vectors or lines at infinity; let € be parallel to each of them, 
and e, and e, so taken that 7, = e€,, 7, = e€,, then — 

1\Ny = €€, - €€, = €€,€,.€ = — ,M, (89) 
because 7, and 7, determine a common direction e, and a paral. 
lelepiped of which three conterminous edges are equal to 
€, €,, €,, respectively. 

Product of Three Plane-Vectors.—Take e,, €,, €, so that 


M191), = nN. €,€, / €,€, »€,6, = n(€,€,€,)° (90) 
The directions €,...¢€, are common to the plane-vectors 
n,...%, taken two by two. 


Several conditions are given here together which follow 
from the results of this article. 


=O; Wd hime (91) 
Two points coincide. Two planes coincide. 
ep PO, VEPed ah mena (92) 
Three points collinear. Three planes collinear. 
PP Bia) Dae Ped, I PUES ed Eh Cad EM a NaI AN ee. 
= Lf, ==0, =D E10, wai t3} 
Four points coplanar; two Four planes confluent; two 
lines intersect. lines intersect. 
E,€, = O, 1, = O, (94) 
Vectors parallel. Plane-vectors parallel. 
E,€,€, = O, TNMs = O, (95) 
Three vectors parallel to Three plane-vectors parallel to 
one plane. one line. 


Sum of Two Planes.—Let them be P, and Pf, let Z be a 
sect in their common line, and take pf, and f, so that P, = Lp, 
Poe po theny 


Be, Py = LDP) — 222, (96) 
p being the mean of p, and f,. Also 
Je ele P ite.) 3 , (97) 


whence the sum and difference are the diagonal plane through 
L, and a plane through Z parallel to the diagonal plane which 
is itself parallel to Z, of the parallelepiped determined by P, 
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and Po nlf 2 PSAP owill evidentivabestuemtay G 
bisecting planes of the angle between them. The bisecting 
planes may also be written 
a2 7 oy Ran elt Medica wl ey! bl et (98) 
If the two planes are parallel, let 7 be a plane-vector 
parallel to each of them, that is, their common line at infinity, 
and let f, and p, be points in the respective planes; then we 
May writes’ —172. 71700. i.) 7), NV eUCe 


P,P, = (mp, + f,)0 = (1, + 1,)00. (99) 
If x, -+2;=0, this becomes 
Pi,+P,=1,(p, —=7,)n (100) 


the product of a vector into a plane-vector and therefore a 
scalar, by (80). 

Two plane-vectors may be added similarly, since they will 
have a common direction, namely, that of the vector parallel 
to both of them. 


Exercise 15.—If two tetrahedra ¢,¢,e,e, and e,’¢,’¢,’¢,’ are so 
situated that the right lines through the pairs of corresponding 
vertices all meet in one point, then will the corresponding faces 
cut each other in four coplanar lines. 


The given” (conditions are sequivalent stome es aa2 7. a 
SE Blt MPa MBs PRL PIE NI mms TURE CRY imme A 
Two of the intersecting lines of faces are ¢,¢,e,.¢,’¢,'e,' and 
€,6,¢,.¢, €,/e,, and, if these intersect, we must accordingly have, 
DY1O3);701270 12 20123071203 G0 — Ol oral 36 O41 te ees 
= 0123.0'1'2’3'.121’2’, the last factor of which is equivalent 
to the fourth condition above, since quadruple-point products 
in solid space are associative. Similarly all the other pairs 


of intersections may be treated. 

Exercise 16.—The twelve bisecting planes of the diedral 
angles of a tetrahedron fix eight points, the centers of the 
inscribed and escribed spheres, through which they pass six 
by six. 

The sum and difference of two unit planes are their two 
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bisecting planes, by (97). Let the tetrahedron be ¢,¢,¢,e,, and 
let the double areas of its faces ke A, = 7e,¢,¢,, etc.; then a 
CN AABN ACAD 


pair of bisecting planes will be S40. ime emnon €,¢,(A,e, + A,e,)- 


a 
The pair through the opposite edge will be ¢,e,(4,e, + A,e,). 
If there be a point through which the six internal bisecting 
planes pass, it must be on the intersection of these two planes 
taken with the upper signs, and we infer by symmetry that it 


3 
must be the point Ae. Another internal bisecting plane is 
0 
€,¢,(4,e, + A,e,), which gives zero when multiplied into >Ae, 
as do also the other three. 


To obtain all the points we have only to use the double 
Sieur msOmtnaumtbewudlert 4 ee te A 2.64 eA en | iis 
gives eight cases, namely, 


+++ —~+++ 
+++4- ++-- 
: ++—+4 +--+ 
+—- ++ +—+- 


The eight apparent cases that would arise by changing all the 
signs are included in these because the points must be essen- 
tially positive. Moreover, no positive point could have three 
negative signs, because the sum of any three faces of the tetra- 
hedron must be greater than the fourth face. It will be found 
on trial that six of the bisecting planes will pass through 
=( + Ae) with any one of the above arrangements of sign. 


Prob. 21. The twelve points in which the edges of a tetrahedron 
are cut by the bisecting planes of the opposite diedral angles fix 
eight planes, each of which passes through six of them. 

Prob. 22. The centroid of the faces of a tetrahedron coincides 
with the center of the sphere inscribed within the tetrahedron 
whose vertices are the centroids of the respective faces of the first 
tetrahedron. 


‘Prob. 23. If any plane be passed through the middle points of 
two opposite edges of a tetrahedron, it will divide the volume of the 
tetrahedron into two equal parts. 
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ART. 11. THE COMPLEMENT IN SOLID SPACE. 


According to the definitions of Art. 8 the complementary 
relations in a unit normal vector system are as follows: 


|, a 1,15) | 242, oa IC 1,) vam 1, 
[ 2, oe 1,1,) liege = | (| t,) = 1, ‘i (101) 
Ee ree 1,1.) A = IC 1.) 7 t, 


3 
Let\e =) 72 -athen 
1 


Je = Ants + dant, + Ant, = Fr, — Ander — 41), (102) 


‘so that |e is a plane-vector. The figure, which is drawn in 
isometric projection, shows 
that the two vectors 41, — 4,1, 
and 4/1, — ¢,1,, whose prod- 
uct is Z,.|¢€, are both perpen- 
dicular to €* tor the firsts 





fates oe perpendicular to 22, + Z2,, 
Wis an ieee which is the orthogonal pro- 

ie ee ‘ : : 
~P>. jection of € upon z,z,,and to 


z,, and therefore is also per- 





alt 


pendicular to e, while the 
second is perpendicular to /21,-+ 42, and to z,, and therefore 
toe. Hence |e isa plane-vector perpendicular to €; and, since 
(|e) =e, the converse is also true, i.e. the complement of a 
plane-vector is a line-vector normal to it. 


The figure shows that € is equal to the vector diagonal of 
the rectangular parallelepiped whose edges have the lengths 
Ua enr sence aK 

Te = VEER. (103) 

Multiply equation (102) by e; therefore 

€| Ci (22, ae fit aE Peters a bt,t, = 1,2,1,) 
=N4U3 403 =Te=e, (104) 
‘so that the co-square of a vector is equal to the square of its 


tensor. The product ele is that of a vector e into a plane- 
‘vector perpendicular to it, as has just been shown; it is there- 
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fore a volume which is equivalent to Te. Z| €; hence, by (104), 
Sper) er, / |e — 1/6, Ole er 6,- lence, the complement 
of a vector in solid space is a plane-vector perpendicular to it 
and having the same tensor, or numerical measure of magni- 
tude.* 


3 
Let a second vector be e& =z; then 
1 


ele =1m,+lm,+l1m,= é\e (105) 

Now ele’, being the product of € into the plane-vector |e’, 

is the volume of the parallelepiped in the fig- 

ure, that is, Ze7e’ sin (angle between e€ and |e’) 
eeheye cos urlience 


e|e’ =e |e=/,m,14,m,1+l.m,=TeTe’ cos*. (106) 


Bier Corer) Crt Tos, 1 ee. ALE *Ci- 
rection cosines, and (105) gives a proof of the 





formula for the cosine of the angle between 
two lines in terms of the direction cosines of the lines. We 
have also in this case 
ee = (4m, — lm,)|1, + (4m, — 4m,)|1, + (2m, — Lm,)\1,, and, 
taking the co-square, 
(ee’)?= (sin $= (1m, — 1m, + (l,m, —L,m,) +(1,m,—1,m,). (107) 
If ele) == 0; (108) 
€ is parallel to the plane-vector perpendicular to e’, that is, € 
is perpendicular to e’, as is also shown by (106). 
ie tee) = | en then 
n\n = |e.6 =e'le=ele’ =TeTe’ cos $ = TyTn’ cos", (109) 
and HiNgT 0) (110) 
is the condition of perpendicularity of two plane-vectors. Also 


either 
el pu eO Of en a ern 0, (111) 


is the condition that a vector shall be perpendicular to a plane- 
vector, for the first means that ¢€ is parallel to a vector which is. 


* Grassmann (1862), Art. 335. 
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perpendicular to 7’, and the second that 77’ is parallel to a plane- 
vector which is perpendicular to e. 

Equations (71)-(77) of Art. g become stereometric vector 
formule if e,, €,, etc., be substituted for f,, ,, etc., and 7,, 7,, 
etc., for Z,, Z,,etc. For instance, (76) gives the vector formulas 
mim lM | Gey 
TAU AUP 
For lack of space no treatment of the complement in a 


/ / 
/ / a €, | €, €, | €, 
€,€, | €, €, oa? 


> mN,|" 1 = 














€,|€,' €,|e, 


point system in solid space is given. 
Exercise 17.—To prove the formulas of spherical trigo- 
nometry cos a = cos 6cos¢-+sin 6 sin ¢ cos A, and 
Singz ooo S111 0 esi nee 
sin A sin B sin C’ 
Take three unit vectors e,, é€,, €, parallel to the radii to the 
vertices of the spherical triangle, then a=(angle bet. e, and e,), 





A=(angle bet. €,¢, and e,e,), etc. In eq. (112) put e€,e, for €,’e,;; 


hence €,¢,|€,€, = sin 0 sin ¢ cos Ad = é’. €,|e, — €,|€,.€,| €, 


— COS @— COS 6-cOS-c. 
Again, 


T(e,¢,. €,€,) = T(€,€,€, . €,) = Te,6,€, = T(e,€,. €,€,)= T(6,€, . €,€,)3 
Obes GO SIN.C Sill, SiN aosin csinel eociiaesineas eae 
‘whence we have the second result by dividing by sinasin Osine. 


Exercise 18.—Show that in a spherical triangle taken as 


: AM Geet Uae Vee : 
inv xXercise 17, Cos = ee (UE, €, , a) whence derive 


[\ VUe,e, + Ue,e,) 
‘the ordinary value / ees a 2) 








sin 6 sinc 
Expanding, the numerator becomes 1 + Ue.e,| Ve,e,, and 


the denominator 72(1 + Ue,e,| UVe,e,). Also there is obtained 


€,€,| €,€ 
Ue,e,| Ve,e, = = 2] Ee 


Te,¢,l€,€, 








The remainder is left to the stu- 


dent. 


Prob. 24. If €,, €,, €,, drawn outward from a point, are taken 
as three edges of a tetrahedron, show that the six planes perpen- 
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dicular to the edges at their middle points all pass through the end 
I 2 , ; 
een gte .€7+]e6,¢€,. 6,7 +]|6€,6,. 6,7). (Sug 


gestion. We must have (p — 3€,)|€,= 0, with two other similar 
expressions.) 

Prob. 25. Show that ¢, |ee’ and e€e’.|€ are three mutually per- 
pendicular vectors, no matter what the directions of € and é’ 
may be. 

Prob..26,* leetre.,.e., €..be taken) asiin Prob, 24. letras be the 

area of the face of the tetrahedron formed by joining the ends of 
these vectors, and 24, = 7¢€,€,, etc.; also 0, = Angle between €,€, 
and €,€,, etc.: then show that we have the relation, analogous to 
that of Prob. 15, Art. 8, 
A= A/+4/4+ A, — 24,A, cos 6,— 2A4,A, cos 6,— 24,A, cos 9. 
If 6,... 6, are right angles, this becomes the space-analog of the 
proposition regarding the hypotenuse and sides of a right-angled 
triangle. (Suggestion. 24, = 7(é, — €,)(€, — €,).) 





of.the vector Pp = 


Probss27- [here are’ given three. non-coplanar lines: ¢,€:-¢,€,5 


é,€,; planes cut these lines at right angles, the sum of the squares of 
their distances from e, being constant. Show that the locus of the 
common point of these three planes is (| €,)’-+(| €,)’+(p| €,)’=c’, 
fee eC ie iT. 


ART. 12. ADDITION OF SECTS IN SOLID SPACE. 


Two lines in solid space will not in general intersect, so that 
their sum will not be, as in eq. (43), a definite line. For let 
p,€, and f,e, be any two sects: then 

De, +e =e, the +6,(e,+ 6) —e(e, +6) 
wet AC iar te ya tem Co hea me Yin 

that is, the sum is a sect passing through an arbitrary point ¢,, 
and a plane-vector, the sum of the two in the equation. The 
sum cannot be a single sect unless the two are coplanar; for let 
p, =hA:176, +76, + 2, €, being a vector not parallel to ¢,¢,; 
hence f,¢,+ 7,6, =7,€, +(¢, + re, + ye, + 2e,)e, 

= f,(€, + €,) +e, (¢, + €,) + #e,€, 

=r (2, ce x€,) (€, oe E,) ae HEE, } 
and this cannot reduce to a single sect unless ¢ = 0, that is, un- 
less ~,€, and f,¢€, are coplanar. Since a plane-vector is a line at 
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o, the sum of two lines may always be presented as the sum 
of a finite line and a line at o. 

If the sum of any two sects is equal to the sum of any 
other two, their products will also be equal, that is, the two 
pairs will determine tetrahedra of equal volumes. For let 
fy+L,= 2, £,3. then squaring we have 2, /.-- 7) singe 
Tian OS eUC, 

An infinite number of pairs of sects can be found such that 
the sum of each pair is equal to the sum of any given pair; for 
let a given pair be f,e, + f,¢,, and take a new pair 

(41D, + %P,)(€, TM.) 1 (W.2: + IrP2)(M1€, + 7€,) 
= (10, + 7,006, + (tt, + rere + 
(2,1, + I,21)P€, + (Hatt, + IPs) Pre 

This will be equal to the given pair if we have 
Wy Uae LY, Um LAN ey Ue a ee 

Since there are eight arbitrary quantities with only four 
equations of condition, the desired result can evidently be ac- 
complished in an infinite number of ways. 

Det 7,64°7,6,".... «Pre DEM. Sects, -andslet.s be sthelmsnn 
and e, any point, then 
yee Sy = e,2e —eSe+ She=e,de+ 2=(p —e,)e,.... (113) 
the sum of a sect and a plane-vector as before. 

If =(p — ¢,)e is parallel to Se it may be written as the prod- 
uct of some vector e’ into Se, that is, e’ Se, when the sum be- 
comes S = ¢,De-+ ede =(e, + €’)Ze, a sect, because ¢, + &’ is 
a point. In no other case does S reduce to a single sect. If 
Se —o, S becomes a plane-vector. Of the two parts compos- 
ing S, the sect will be unchanged in magnitude and direction if 
e, be moved to a new position, while the plane-vector will in 
general be altered. It is proposed to show that a point g may 
be substituted for e, such that the plane-vector will be perpen- 
dicular to Se. Writing 

S=qde—(¢g—¢,)2e+ 2p — 2,)e, 
and, for brevity, putting g—e,= p, Ze = a, 3(p—eJe=|f, 


so that 
BES A rs faye ik (114) 
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we must have for perpendicularity, by (111), 
(|B — pa)|a=0=|fa— pa.|la, 
or pa.ja=a.pja—p.a®=| fa. (115): 
The second member is obtained from the first by substitut- 
ing in eq. (74) p for f, and @ for g, and g,, in accordance with the 
statement at the end of Art. 11. If in(115) we make p|a=o0, 
p will be the vector from e, to g taken perpendicularly to a, 
say 
p, =|af + =, — e,. (116) 
Since aw and # are known, the required point has been 
found. Multiply (115) by a; then, using (75), 








—ap.@=pa.a=a|~a=|6.a*— |a.a|f, 
whence, substituting in (114), 
hh a| 6 ela esp —eie 
S=qat+ ne .|a=gqeze+ eysumri ee (117) 


This may be called the normal form of S.* 

The sects of this article represent completely the geometric 
properties of forces, hence all that has been shown applies 
immediately to a system of forces in solid space. We have 
only to substitute the words force and couple for sect and plane- 
vector. The resultant action of any system of forces is S, 
called by Ball in his Theory of Screws ‘‘a wrench.” The con- 
dition for equilibrium is S =o, which gives at once 

2e=oO and 2(p—e,)e=0; (118) 
since otherwise we must have e,2'e = — =(f — ¢,)e, which is 
an impossibility. The line ge is the central axis of the sys- 
tem of forces S. 

Lack of space forbids a further development of the subject, 
but what has been given in this article will indicate the perfect 
adaptability of this method to the requirements of mechanics. 


Exercise 19.—Reduce f,e, + f,e, = S to its normal form. 


S=e/(e,+e«)+ (4 — -¢)e. + (, — 2,)e, For convenience 
suppose 7, and Z, to be taken at the ends of the common per- 


* Grassmann (1862), Art. 346. 
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pendicular on /,e, and ~,e,, and moreover let ¢, = $(f, + £,), 
2,—% =t=—(%,—2¢,); then zjé, =z|e, = 0. Accordingly 


S = ee, + ¢,) +e, — €,) = g(e,t+e,)+ (Gir ese +e,)i(€,—e,) 








ies te, = -I(€, +6) 
21€,€, : 
ed NGioi7 €s) a cena |( (api 
— _|h-|a_ _ ue, —«4)-1( +) 
By (116),g — ¢@, = — ape Wi tars Re a. 


__ t.(e,—e,)|(e,+e,) —e?* 
MTGE oh) eae 


Hence the tue a of S is 


SS ire: eNCata ata 











21€,€, 
(€, se a Caray 
Exercise 20.—Forces are represented by the six edges of a 
find the S, reduce to 
normal form, and consider the special case when three diedral 
angles are right angles. S=e,(e,+e¢,-+¢,) +4 ¢, + ¢,¢, + ¢,¢, 
= ¢(e,te,te,)+(e,—¢,)(e,—¢,) = ¢,(e,te,te,) +(e,—«,)(€,—€,) 
= ¢(e,te,+e,)+ee, +66, +6 6,, in which ¢,=e¢ —é@,, 
LCA ence 


Sa, pee teste tet Ne tet.) 


3€,€,€, 
+e (e, ee ee ene ¥ iG =I €, =F E,). 
For the «rectanoulars tetrahedroni lets es —ia7, ne —— re 
cit, 2.) 7 beino unit normal eclors, mancnawennG 
= Bec — Py, ~|- ACs —c)1, iar (bo? — ae) 


. 1(e, ae €,). 











tetrahedron ¢,¢,, ¢,€,, C55 Css» Ss 


Orga On ARO OT Ly, C195 

















. aie .|(ae, + 61, Len). 


Exercise 21.—A pole 50 feet high stands on the ground and 





is held erect by three guy-ropes symmetrically arranged about 
it, attached to its top and to pegs in the ground 50 feet from 
the pole. The wind blows against the pole with a pressure of 
50 pounds in the direction ¢, — ~, when e, is at the bottom of 


ADDITION OF SECTS IN SOLID SPACE, o¢ 
the pole, and ¢ divides the distance between two of the pegs 


in the ratio =: find the tension on the guys and the pressure 


on the ground. 

Evidently only two of the guys will be in tension; let their 
pegs be at e, and e¢,, and let ¢, be at the top of the pole, and w 
me, + ne, 


the weight of the pole. Then p = Pa lkays 


, and the equation 
of equilibrium ts 

(ebeNeo— A), 25e(P—6) | (wwe se, , Vert, . erty 
ae 2T(e, — Pp) ceo aa Deas ees WIGAN eee 
eee Or lees — 1 eea—150 V-29 1p. — 6.) — 1 a 
a mee —e,)+n(e,—2, )) = 50 





T(me,+-ne,), if e,= U(e,—e,) 





m+n m-+-n 
and e, = U(e, — ¢,); then 7(p — ¢,) = 5 = = Vm + n> — mn, 
because e,2 = e,2 = I, and e,|e, = cos 120° = — 4. Hence the 


equation of equilibrium becomes 


25¢,((m + 1), ee LLi SF Grae ne.) 


Vm +n? — mn 





+ (* + wee, + as aits=0 


Multiply successively by ¢,¢,, ¢¢,, and ¢,¢,, and we obtain 


t+w yy a 25 
m+n — mVv2 moe Vi? +n? — mn 











y and z being the tensions, and x + w the upward pressure. 


Prob. 28. Three equal poles are set up so as to form a tripod, 
and are mutually perpendicular; a weight w hangs upon a rope 
which passes over a pulley at the top of the tripod, and thence 


down under a pulley at the ground at a point p= Days in which 


Poe ac, arecat the:teet of the poles, and >, = 1; 1f the rope is pulled 
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so as to raise w, show that the pressures on the poles, supposing the 
pulleys frictionless, are 


{ 4 I ss i I ip I 
OB v5) aes, 30 “apt va) 

Prob. 29. Six equal forces act along six successive edges of a 
cube which do not meet a given diagonal; show that if the edges of 
the cube be parallel to z,, 2,, 7,, and # be the magnitude of each 
force, then S= — 2/|(z,-+12,+2,), if the diagonal taken be parallel 
i ea | 

Prob. 30. Three forces whose magnitudes are 1, 2, and 3 act 
along three successive non-coplanar edges of a cube; show that the 
normal form of S is 

es (2, oy tit, a 31, ie i's) i ah 21,-+ SE « oa (z, th 21, rie 32,). 

Prob. 31. Forces act at the centroids of the faces of a tetrahedron, 
perpendicular and proportional to the faces on which they act, and 
all directed inwards, or else all outwards; show that they are in 
equilibrium. 
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* Penfield’s Notes on Determinative Mineralogy and Record of Mineral Tests. 
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Rideal’s Sewage and the Bacterial Purification of Sewage.............. 8vo, 
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Ware’s Beet-sugar Manufacture and Refining.............. Small 8vo, cloth, 
Washington’s Manual of the Chemical Analysis of Rocks.............. 8vo, 
Wassermann’s Immune Sera: Hemolysins, Cytotoxins, and Precipitins. (Bol- _ 
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Short Course in Inorganic Qualitative Chemical Analysis for Engineering 
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Bixby’s Graphical Computing Table................ Paper 194 X 244 inches. 
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Comstock’s Field Astronomy for Engineers............. Sonica acter 8vo, 
Davis’s Elevation and Stadia Tables........... a ere else Wie eee eis tere IRE 8vo, 
Elliott’s Engineering for Land Drainage... ........... stolstslale levee enerere INO 
PracticalsFarm*Drainage:.--. 1 eee eee Rie otarateteretorehete ..I2mo, 
*Fiebeger’s Treatise on Civil Engineering. .............ccccccccecccss 8vo, 
Folwell’s Sewerage. (Designing and Maintenance.)..................-. 8vo, 
Freitag’s Architectural Engineering. 2d Edition, Rewritten...........8vo, 
Frencht and (Ives’siStereotomyserre a ee nae ee eee Ri aLote iene 8vo, 
Goodhue’s Municipal Improvements. .................. stetetens : I2mo, 
Goodrich’s Economic Disposal of Towns’ Refuse. ............. reAacmcacytire 8vo, 
Gore’s Elements’of' Geodesy... ot en ee eee ee ee 8vo, 
Hayford’s Text-book of Geodetic Astronomy... ............cccceeeee 8vo, 
Hering’s Ready Reference Tables (Conversion Factors). ..... 16mo, morocco, 
Howe’s "Retaining Walls'for Hartharre ts vier es. ee ee eee I2mo, 
Johnson’s (J. B.) Theory and Practice of Surveying.............. Small 8vo, 
Johnson’s (L. J.) Statics by Algebraic and Graphic Methods. ........... 8vo, 
Laplace’s Philosophical Essay on Probabilities. (Truscoit and Emory.).12mo, 
Mahan’s Treatise on Civil Engineering. (1873.) (Wood.)............ 8vo, 
eS Descriptive: GeOmetry.-« ost. ken Pee ee eee eres 8vo, 
Merriman’s Elements of Precise Surveying and Geodesy............. vo, 
Merriman and Brooks’s Handbook for Surveyors........... 16mo, moror~. 
Nugent’s Plane Surveyine.. 8 ceo ct ee ree ee ee eee 8vo, 
Ogden’s Sewer Designs a. tee cnt eee ee oe ee ne oe eee: I2mo, 
Patton’s Treatise on Civil Engineering.................... 8vo half leather, 
Reed’s Loposraphical Drawing and Sketching ="... .. 22+ ee) tee ce eee 4to, 
Rideal’s Sewage and the Bacterial Purification of Sewage.............. 8vo, 
Siebert and Biggin’s Modern Stone-cutting and Masonry. .............. 8vo, 
Smith’s Manual of Topographical Drawing. (McMillan.).............. 8vo, 
Sondericker’s Graphic Statics, with Applications to Trusses, Beams, and Arches. 
8vo, 
Taylor and Thompson’s Treatise on Concrete, Plain and Reinforced.....8vo, 
* Trautwine’s Civil Engineer’s Pocket-book................ 16mo, morocco, 
Wait’s Engineering and Architectural Jurisprudence.................. 8vo, 
Sheep, 
Law of Operations Preliminary to Construction in Engineering and Archi- 
TOCCULE. co caver ste cea craks ispetere wusutaseerenatarsnceeeathecenerdmencuctonons terete nate 8vo, 
Sheep, 
Law. or Contracts... puss eons See aie ae eaten ere pencmenens tanereee tenets 8vo, 
Warren’s Stereotomy—Problems in Stone-cutting..................... 8vo, 
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16mo, morocco, 
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Boller’s Practical Treatise on the Construction of Iron Highway Bridges. .8vo, 
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Suspension Bridges.......... ee a oo ee an ae len aan 8vo, 
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Burr and Falk’s Influence Lines for Bridge and Roof Computations... .8vo, 
Design and Construction of Metallic Bridges..................... 8vo, 
Du Bois’s Mechanics of Engineering. Vol. Tl... ........ccesecs Small gto, 
Foster’s Treatise on Wooden Trestle Bridges......... oat ele welelerete lets les 4to, 
Fowler’s Ordinary Foundations.......... af itals vistas Mele sdcberete ctaicts eierere tes 8vo, 
Greene’s RoofiDrussess -uaacieth tic Chiat ones fe ile Gu beh Rec hitene els 8vo, 
Bridge Trusses. setts ee ratios eis. carats etre. s snel Mere ST Toe Nel 8vo, 
Arches in Wood, Iron, and Stone............. saree BE CSE 8vo, 
Howesm reatise OnsArCheset. cocmnretehs & cic s sacseeS ate sels ca Ore ee es 8vo, 
Design of Simple Roof-trusses in Wood and Steel................. 8vo, 
Johnson, Bryan, and Turneaure’s Theory and Practice in the Designing of 
Modernetramedistructuress. soo. eaten a beta. et © Small gto, 
Merriman and Jacoby’s Text-book on Roofs and Bridges: 
Part. J = Stressesiin Simple? Trusses) $4) 22)... .:)., deme itibcens Were 8vo, 
Part IlsiiGraphiceStaticssng cis. te eles oe LER CR dee e tie 8vo, 
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Morison’s,Memphis) Bridge: tiviucakoralla« « elatretsM antes. xo. Yoorhur! 4to, 
Waddell’s De Pontibus, a Pocket-book for Bridge Engineers. .16mo, morocco, 
Specifications for'Steel Bridges: .\. aentecurcnutt tote sect eiciee veh) 20s I2mo, 
Wright’s Designing of Draw-spans. Two parts in one volume.......... 8vo, 
HYDRAULICS. 
Bazin’s Experiments upon the Contraction of the Liquid Vein Issuing from 
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Bovey s. reatise om Hydraulics. oo.) .scs gen se. ee ERs, 8vo, 
Church's, Mechanics ofsBnoineering. . . 5.5 5 <su5 «othe» Rb DRO Iies ee 8vo, 
Diagrams of Mean Velocity of Water in Open Channels.......... paper, 
Hydraulic. Motorstecdais 4.4. 2a, see oe Sra. Sheek, Me Lee 8vo, 
Coffin’s Graphical Solution of Hydraulic Problems.......... 16mo, morocco, 
Flather’s Dynamometers, and the Measurement of Power............ I2mo, 
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Erizeliis:WaterepoWerton. acre Miierd toads. «0 as «soo ss ERATE Ae OSs 8vo, 
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Ganguillet and Kutter’s General Formula for the Uniform Flow of Water in 
Rivers and Other Channels. (Hering and Trautwine.)........ 8vo, 
Hazen’s Filtration of Public .Water=supply.s. aoa. baeaecne of). «sleietsiaee 8vo, 
Hazlehurst’s Towers and Tanks for Water-works. .................... 8vo, 
Herschel’s 115 Experiments on the Carrying Capacity of Large, Riveted, Metal 
GOs Girt te ee ee eee Ons ot oe cer ae 8vo, 
Mason’s Water-supply. (Considered Principally from a Sanitary Standpoint. ) 
8vo, 
Merritmnaniss | reatiserotieh vdta tics perce cee oreete cerns sete ai steko, oie ccackel cs et eee 8vo, 
* Michie’s Elements of Analytical Mechanics. .............000e0+e00:- 8vo, 
Schuyler’s Reservoirs for Irrigation, Water-power, and Domestic Water- 
SUD D1 Vistvws cue) cee ge. Siaradeg sepa taneet RMT NRE RT SET ORT SE oe ee Large 8vo, 
** Thomas and Watt’s Improvement of Rivers. (Post., 44c. additional.) .4to, 
Turneaure and Russell’s Public Water-supplies..................0000: 8vo, 
Wegmann’s Design and Construction of Dams......................-- 4to, 
Water-supply of the City of New York from 1658 to 1895.......... 4to, 
Williams and Hazen’s Hydraulic Tables.......... o ccthade ae ictonnreinecce 8vo, 
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Black’silinited States Public -Works:)9ee ee oo te ee oe eee Oblong 4to, 
* Bovey’s Strength of Materials and Theory of Structures.............. 8vo, 
Burr’s Elasticity and Resistance of the Materials of Engineering... ..... 8vo, 
Byrne’s)/Highway Construction i.e eee ee eee oe ee 8vo, 
Inspection of the Materials and Workmanship Employed in Construction. 
16mo, 

Church’sMechanics of Engineering ea, ove. ic eee eee cee ett een 8vo, 
Du Bois’s Mechanics of Engineering. Vol. I.................... Small gto, 
tEckel’s:Cements; Limes, and Plasters...0 5st cee tect aeer ese atet 8vo, 
Johnson’s Materials of Constitution agit. tose ores oh ots Large 8vo, 
Fowler’s:OQrdinary. Foundations). 44:2. Misc Peete a et cee eee es ees 8vo, 
*.Greene’é Structural. Mechanics:: <i... 25 vee nt Pe eee a a 8vo, 
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Marten’s Handbook on Testing Materials. (Henning.) 2 vols. ........ 8vo, 
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Merrill’s Stones for Building and Decoration... .............0ceee eee 8vo, 
Merriman’s Mechanics of) Materials yet) OR ee a ee ene 8vo, 
Strength of Materials .......... PE Aaa ey oe ee Pe ae Lik AA I2mo, 
Metcalf’s Steel: A Manual for Steel-users.............2cccececcees I2mo, 
Patton’s*Practicalfreatise'on) Foundations:s sae eee eee ee eee 8vo, 
Richardson’s Modern Asphalt\Pavements: +. +.- «seeks oe ee Serene 8vo, 
Richey’s Handbook for Superintendents of Construction.......... 16mo, mor., 
Rockwell’s Roads and Pavements in France.................000ce00 I2mo, 
Sabin’s Industrial and Artistic Technology of Paints and Varnish........8vo, 
Smith’s«Materials of Machinestea ck cee eteeee. ewan eo cattiere se te eee I2mo, 
Snow’s)PrincipalsSpecies/of \W.00d.+.... . 64.2. ene scene em cits eee core 8vo, 
Spalding‘s: Hydraulic'Cemienti#in.t ies. cee e te eee ieee © ome see I2mo, 
‘Eext-bookion=Roads and/Pavements...%..+-.5 +207 eee ne rote ae I2mo, 
Taylor and Thompson’s Treatise on Concrete, Plain and Reinforced...... 8vo, 
Thurston’s Materials of Engineering. 3 Parts........................ 8vo, 
Part I. Non-metallic Materials of Engineering and Metallurgy..... 8vo, 
Parti... lron ‘and: steelacts Sena ts «cee e e e e heer ere 8vo, 
Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their 
Constituetits. .i263 bask OSs he 8 ree eee ne ie eae ate 8vo, 
Thurston’s Text-book of the Materials of Construction. ................ 8vo, 
Tillson’s Street Pavements and Paving Materials..................+2: 8vo, 
Waddell’s De Pontibus. (A Pocket-book for Bridge Engineers.)..16mo, mor., 
Specifications forssteel: bridgesten rte or cera ie iets ie ae oie I2mo, 
Wood’s (De V.) Treatise on the Resistance of Materials, and an Appendix on 
the; Preservation’ of Timbers 37), ts) sciences ee ore eae ooh ete 8vo, 

Wood’s (De V.) Elements of Analytical Mechanics.................... 8vo, 
Wood’s (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and 
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Andrew’s Handbook for Street Railway Engineers.....3x5 inches, morocco, 


Berg’s Buildings and Structures of American Railroads................ 4to, 
Brook’s Handbook of Street Railroad Location...,......... 16mo, morocco, 
Butt’s Civil Engineer’s Field-book. .......:........cce0c0-e 16mo, morocco, 
Crandallstfransttion Cutve: sr Acca ecdt tates ae eco rece. 16mo, morocco, 
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Dredge’s History of the Pennsylvania Railroad: (1879).............. Paper, 


5 


* Drinker’s Tunnelling, Explosive Compounds, and Rock Drills. 4to, half mor., 25 


Bisher sable of.Cubic Yards... 2. <...nwahsd® betn-nebeiie 35 -Bisrst Cardboard, 
Godwin’s Railroad Engineers’ Field-book and Explorers’ Guide. ..16mo, mor., 
Howard’s Transition Curve Field-book.. .................. 16mo, morocco, 
Hudson’s Tables for Calculating the Cubic Contents of Excavations and Em- 
, PATTI ETLES Met eae ie Le toioy deo Us ells fo lal elec plas Dan Note ote be PRES 8vo, 
Molitor and Beard’s Manual for Resident Engineers... ............... 16mo, 
Nagle’s Field Manual for Railroad Engineers..... set ois 16mo, morocco, 
Philbrick’s Field Manual for Engineers. .............0.e000. 16mo, morocco, 
Searles’s. Pield* Engineering: . 5.5... 0.65 + acs.viciewleltie pA Steric 16mo, morocco, 
Railtoad*Spirare 2 sees aAva eee aye Tee Oh! RRCEIS 16mo, morocco, 
havior s-Prismordal norms and arth worker. cies cinivie sets oe) tele as 8vo, 
* Trautwine’s Method of Calculating the Cube Contents of Excavations and 
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The Field Practice of Laying Out Circular Curves for Railroads. 
I2mo, morocco, 


Wellington’s Economic Theory of the Location of Railways.......Small 8vo, 
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Barr’s Kinematics of Machinery. ............. SAE Sas een eh teen 8vo, 
* Bartlett cs. Mechanical Drawinoy ais 4 ie aaa ci ckeioe «one Se ie. era eee 8vo, 
% < a ie Abridged Edi 7 os00s.08 > «+ aietvus th. a 8vo, 
Coolidge’s:Matival or Drawings... ces hteisaskaitis co ef sisson rane a: 8vo, paper 
Coolidge and Freeman’s Elements of General Drafting for Mechanical Engi- 
NICOL Sates eiteett ata sone eo taal Ste tet rege ac gotae ME in be Oblong 4to, 
Duriey 6 Bo imematice GL Machines ae en ee 6 eee tae opin TBE. oes 8vo, 
Emch’s Introduction to Projective Geometry and its Applications........ 8vo, 
Hill’s Text-book on Shades and Shadows, and Perspective.............. 8vo, 
Jamison s Elements'of Mechanical Drawing, 20. . stte cia sisc)sieiscusle slacelel pes 8vo, 
Advanced Mechanical) Drawing... ... 2. cesisisscisies es, clenis Sarat ieee 8vo, 

Jones’s Machine Design: 
Pare le NWinematics.oL MACDINeLy.. 54 Bae eet creates cnt nee 8vo, 
Part II. Form, Strength, and Proportions of Parts............... 8vo, 
MacCord’s Elements of Descriptive Geometry...................0000, 8vo, 
Kinematics: or, Practical, Mechanism). -94.m,..20-4,19) acest lee a one 8vo, 
Mechanical Dra wine eset ctdtane Sad cic ae a eee Ato, 
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MacLeod’s) Descriptive Geometry.. wescors¥sscnetetencess Tucteeal a ichoco he oe Small 8vo, 
%* Mahan’s Descriptive Geometry and Stone-cutting.................... 8vo, 
IndustrialeDrawing= me C@EbOMpPSONs) eee ad tact haters ooo he ecko tec oon 8vo, 
Moyers Descriptive:Geometryos. nore tere rr edo Pods Khasi d eds ee &vo, 
Reed’s Topographical Drawing and Sketching... ..................... Ato, 
ReidrarC purser Mechanical Drawing... ..4.6 5456s ebook eee 8vo, 


Text-book of Mechanical Drawing and Elementary Machine Design. 8vo, 
Robinson’s Principles of Mechanism 


Smith’s (R. S.) Manual of Topographical Drawing. (McMillan.).......8vo, 
Smith (A. W.) and Marx’s Machine Design.......................... 8vo, 
Warren’s Elements of Plane and Solid Free-hand Geometrical Drawing. 12mo, 
Drafting Instruments and Operations 
Manual of Elementary Projection Drawing..................... I2mo, 
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Warren’s'Primary Geometry of) oP Sere eer een oe ee I2mo, 
Elements of Descriptive Geometry, Shadows, and Perspective. ......8vo, 


General Problems of Shades and Shadows...................00-- 8vo, 
Elements of Machine Construction and Drawing.................. 8vo, 
Problems, Theorems, and Examples in Descriptive Geometry. ...... 8vo, 
Weisbach’s Kinematics ‘and Power of Transmission. (Hermann and 
Klein) s033.3 dnd dhs Br Se eel eee Se Ot eee 8vo, 
Whelpley’s Practical Instruction in the Art of Letter Engraving. ...... I2mo, 
Wilson’ssCH Mv.) «Topographic:Surveyingsee ee ee oe eee eine 8vo, 
Wilson’s:@V'T.) .Freé=hand -Perspective. .% «i 2728 l Ses. a ee. See. 8vo, 
Wilson/s (Vsibs) Freé=hand Lettering... 4.4 5.05256 45 ote one oe eee 8vo, 
Woolf’s Elementary Course in Descriptive Geometry............. Large 8vo, 


ELECTRICITY AND PHYSICS. 


Anthony and Brackett’s Text-book of Physics. (Magie.)......... Small 8vo, 
Anthony’s Lecture-notes on the Theory of Electrical Measurements. ...12mo, 
Benjamins *tistory ol lectricity...- een oe eee eee 8vo, 

VOltaicr Celle on et ete eee ee Pie ete a YiTn «, Seexenarpxeiee at 8vo, 
Classen’s Quantitative Chemical Analysis by Electrolysis. (Boltwood.).8vo, 
Crehore and Squier’s Polarizing Photo-chronograph................... 8vo, 


Dawson’s “Engineering”? and Electric Traction Pocket-book.16mo, morocco, 
Dolezalek’s Theory of the Lead Accumulator (Storage Battery). (Von 


Ede) Po Spree ore heres eo eT, err nt ieee I2mo, 
Duhem’s Thermodynamics and Chemistry. (Burgess.)................ 8vo, 
Flather’s Dynamometers, and the Measurement of Power............ I2mo, 
Gilberts e Maonete rc MOttelay: srt ome ce meee etriicioks caelniciate clenreas 8vo, 
Hanchett’s Alternating Currents Explained: ......:-2.......+-++-+ 00s I2mo, 
Hering’s Ready Reference Tables (Conversion Factors)...... 16mo, morocco, 
Holmarsis*Precistonof Measurenientsst oe on mieten ee oes eae 8vo, 

Telescopic Mirror-scale Method, Adjustments, and Tests....Large 8vo, 
Kinzbrunner’s Testing of Continuous-current Machines............... 8vo, 
Pandaterstopectrum Analysis linwless +... eet ree ee 8vo, 
Le Chatelier s High-temperature Measurements. (Boudouard—Burgess.) 12mo, 
Lib’s Electrochemistry of Organic Compounds. (Lorenz.)............. 8vo, 


* Lyons’; Treatise on Electromagnetic Phenomena. Vols. I. and II. 8vo, each, 
* Michie’s Elements of Wave Motion Relating to Sound and Light. ......8vo, 


Niaudet’s Elementary Treatise on Electric Batteries. (Fishback.). ....12mo, 
* Rosenberg’s Electrical Engineering. (Haldane Gee—Kinzbrunner.). ..8vo, 
Ryan, Norris, and Hoxie’s Electrical Machinery. Vol. I............... 8vo, 
Thurston's Stationary Steam-engifies: >... so. neck eee tee ee ee eee 8vo, 
AeTillmantseblementary Lessons in reeats + or ete cette me ccc ote eee tee 8vo, 
Tory and Pitcher’s Manual of Laboratory Physics............... Small 8vo, 
Ulke’s Modern Electrolytic Copper Refining............... Atria A Stkcne 8vo, 
LAW. 
* Davis’s Elements of Laws u.ssnuenate bie miiiebin: ees bie oalsie te tewk 8vo, 
* Treatise on the Military Law of United States...............--.-- 8vo, 
* Sheep, 
Manual for Courts-martiak oe:.. . nla? faniineeranea- te 16mo, morocco, 
Wait’s Engineering and Architectural Jurisprudence...............-.-- 8vo, 
Sheep, 
Law of Operations Preliminary to Construction in Engineering and Archi- 
LECTUTE.) siecsisi winch cheurda 's misdaad yesoks Ax ow senedeetek wae 8vo 
Sheep, 
Law.ot Contracts ccy-rompate cic crete a eneneee otal 10 aicteletetete teeters soe ebet 8vo, 


Winthrop’s Abridgment of Military Law. .....cccccvcccceseseee css +I 2M; 
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MANUFACTURES. 


Bernadou’s Smokeless Powder—Nitro-cellulose and Theory of the Cellulose 


Molecule cs screicco eresuilel clean Behase suai hn oli eae ck is OR to ok I2mo, 
Bolland’s Iron Founder............... peed aster ebenaten Laks op oi'ta scone Bisislckan das I2mo, 
* The. Iron Rounder ge SUpPleMentinsye oeccis ce backs dios casneuuioe BS © 0 ans, 0 I2mo, 
Encyclopedia of Founding and Dictionary of Foundry Terms Used in the 
BracticeroreMOUldinocr. -eseeaie 20, cis) eicisia.s piesedcamsdcte te aces ua LINO. 
BisslemseModerniiig bh EX plosiVese ec cctemeachs) ous oiskensvevecelos Go Sie, «, scslesaidibte oie. 8vo, 
Effront’s Enzymes and their Applications. (Prescott.)................ 8vo, 
iberere mire OUI NIAC DIN ISt tay ak. Te. <6 s cieta'e aie wld» 6.8 0.9 Rin, eookale I2mo, 
Hords:boier Makino, 106, Bove Ma@Kers: «20h acre euhhecche + djciefs.s¥ohe €s/e.ao,06 18mo, 
Hopkin’s) Oil-chemisisg Handbooks ets cicus «os cnauchny ores te: cua caensd o10y0 cata alan etie OV Os 
Keen's: Cast) rong ie Oc OY Ses ES ON op caine cdi sag fs, Sccilepoustel,suclekecs 8vo, 
Leach’s The Inspection and Analysis of Food with Special Reference to State 
OFS sae) Lee ee ee SR tae oe I ee ee ....Large 8vo, 
Matthews’s The Textile Fibres. ............ cust ois apOeT ss hekuaih@ Steyr 10, 5 8vo, 
Metcalf’s Steel... A-Manual for Steel-users.., ... cc . oj. c.af 0 © bac, oseiere.cvsye ote I2mo, 
Metcalfe’s Cost of Manufactures—And the Administration of Workshops. 8vo, 
Meyer’s Modern Locomotive Construction........ TO OG oe Re one Ato, 
Morse’s Calculations used in Cane-sugar Factories. a eee z6mo, morocco, 
TOR GISIpsSLGUIGELLOMEIECO=CVCLUG saan erent ru ave nin » cieie kaise: oksfer ets oP elas 8vo, 
Sabin’s Industrial and Artistic Technology of Paints and Varnish........ 8vo, 
Smithis-Press-working ot! Metalsii.r..< mew iteus SekBt sleet ler sihes.ns bus asene obs 8vo, 
Spalding ssbiydranlic Cement. scsi aes eee ioe oo tea nee I2mo, 
Spencer’s Handbook for Chemists of Beet-sugar Houses. .... 16mo, morocco, 
Handbook for Cane Sugar Manufacturers.............. 16mo, morocco, 
Taylor and Thompson’s Treatise on Concrete, Plain and Reinforced... .. 8vo, 
Thurston’s Manual of Steam-boilers, their Designs, Construction and Opera- 
CLOT Meare Teron nae cena tice aise ote wo caeiio ov oe b oh eie'e beatae bas 8vo, 

ca alice su lLectures O1y OX DIOSLVeSan sto aparerse teat atereinre ielcce cierdte wie as. tie aie 8vo, 
Ware’s Beet-sugar Manufacture and Refining................... Small 8vo, 
West’s American Foundry Practice.............eeeeeeeees Serie hn tre I2mo, 
Moulder’s Text-book.......... Real Nat ea sl areca ec aretac aout cteral cxeaitcstarete ete « I2mo, 
Wolff’s Windmillkkasa,PrimesMover 45 4 ders. . aera ie Pee Calas Deke ee 8vo, 


Wood’s Rustless Coatings: Corrosion and Electrolysis of Iron and Steel. .8vo, 


MATHEMATICS. 

Baketis* Elliptic Functtonsece da ctotrie: te 6 ee bs are e Ne ee ess Pee eter rt. OOS 
“ass s wiements or DifterentialGalculus, $2csr cc. ee wee eee etc tee I2mo, 
Briggs’s Elements of Plane Analytic Geometry........ oe ese ee ere ores I2mo, 
Compton’s Manual of Logarithmic Computations...................- I2mo, 
Davis's) Introduction’ to the Logic of Algebrac.c. a. cecseccccecucccne ts 8vo, 
* Dicksons College AlveDrasteet tee es ois choy alone oletetitee oes Large 12mo, 
* Introduction to the Theory of Algebraic Equations......... Large 12mo, 
Emch’s Introduction to Projective Geometry and its Applications........ 8vo, 
Halsted’s Elements of Geometry. ..............cccccceee. prtttteeees 8vo, 

Elementary synthetic Geometry, 26k enw ecg e es ee ccse ess 8vo, 

Rational Geometry... ee LILO Oe 12mo, 


* Johnson’s (J. B.) Three-place Logarithmic Tables: Vest-pocket size. paper, 

100 copies for 

* Mounted on heavy cardboard, 8 X 10 inches, 

ro copies for 

Johnson’s (W. W.) Elementary Treatise on Differential Calculus. .Small 8vo, 

Jobnson’s (W. W.) Elementary Treatise on the Integral Calculus.Small 8vo, 
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Johnson’s (W. W.) Curve Tracing in Cartesian Co-ordinates......... I2mo, 
Johnson’s (W. W.) Treatise on Ordinary and Partial Differential Equations. 


Small 8vo, 
Johnson’s (W. W.) Theory of Errors and the Method of Least Squares. 12mo, 
* Johnson's CW. W.) ‘Theoretical: Mechanics?o/ 22. ve se eee eee I2mo, 
Laplace’s Philosophical Essay on Probabilities. (Truscott and Emory.).12mo, 


* Ludlow and Bass. Elements of Trigonometry and Logarithmic and Other 


LADIES oo ne ee eee lee chee Tee RLS Ste TTS on cnr nee 8vo, 

Trigonometry and Tables published separately.................. Each, 

* Ludlow’s Logarithmic and Trigonometric Tables.................... 8vo, 
Mathematical Monographs. Edited by Mansfield Merriman and Robert 

So Wood wards. oS. eee eee ee Obie ra eee .Octavo, each 


No. 1. History of Modern Mathematics, by David Eugene Smith. 
No. 2. Synthetic Projective Geometry, by George Bruce Halsted. 
No. 3. Determinants, by Laenas Gifford Weld. No. 4. Hyper- 
bolic Functions, by James McMahon. No. 5. Harmonic Func- 
tions, by William E. Byerly. No.6. Grassmann’s Space Analysis, 
by Edward W. Hyde. No. 7. Probability and Theory of Errors, 
by Robert S. Woodward. No. 8. Vector Analysis and Quaternions, 
by Alexander Macfarlane. No. 9. Differential Equations, by 
William Woolsey Johnson. No. 10. The Solution of Equations, 
by] Mansfield Merriman. No. 11. Functions of a Complex Variable, 
by Thomas S. Fiske. 


Maurer’sy echnical: Mechanics: 4. sears cee cette nie te eee ene 8vo, 
Merriman and Woodward’s Higher Mathematics...................... 8vo, 
Merriman’s, Method ‘of Least: Squares. ...en 1 ie ci eee ee . .8vo, 
Rice and Johnson’s Elementary Treatise on the Differential Calculus..Sm. 8vo, 

Differential and Integral Calculus. 2 vols.in one.:......... Small 8vo, 
Wood’s Elements of Co-ordinate Geometry. ..............0ceeeeeeeee 8vo, 

Trigonometry: Analytical, Plane, and Spherical................ I2mo, 


MECHANICAL ENGINEERING. 


MATERIALS OF ENGINEERING, STEAM-ENGINES AND BOILERS. 


Bacon’s Forge Practice... sacce eis cars ore re enetete cee nee nthe eee Se I2mo, 
Baldwin’s Steam Heating for Buildings... eee sees eee ee I2mo, 
Barr’s Kinematics of Machinerysc.-. . cee nee ee + ote tain att ereteiene ane 8vo, 
* Bartlett’s Mechanical Drawing. e Peace nen al Petters © hase eerste cee tonice 8vo, 
* oS i es Abridged Ed,iease < ssa ae oa sore 8vo, 
Benjamin’saw rinkles "and Recipes... +o. «2 3% +2 ees eee eee eee eee I2mo, 
Carpenter’s, Experimental*Engineering: « .. inset eb es 8vo, 
~ ., Heating-and Ventilating Buildings! os 5.0\< eis «iva Whside suicide ee cece t 8vo, 
Cary’s Smoke Suppression in Plants using Bituminous Coal. (In Prepara- 
tion. ) 

Clerk’s Gas,and:Oil Enginesi. ccs ces joereisaee ete eters cine terere at eee Small 8vo, 
Coolidge’s; Manual of; Drawings. sand. cit oe itaet ie ee ee 8vo, paper, 
Coolidge and Freeman’s Elements of General Drafting for Mechanical En- 
PINCETS oy Meaarseesae eed eunrsee nee te tea lal OTe ae nice Dole eee eee Oblong 4to, 
Cromyellis¥ireatise:on.) oothed Gearing ans niall eae ie ene I2mo, 
‘Treatiseson belts and, Pulleys. poct. tues aeuseege ots tees eee eho I2mo, 
Durley’s Kinematics of Machines... s.t, a a5c.clutcueus? sets ied sper a eee OOS 
Flather’s Dynamometers and the Measurement of Power............. I2mo, 
RopegDrivinge vs o. Soph ustecs oo. sarteuseh eas ebauete mists ouctoteieteders arevece oh I2mo, 
Gill’s.Gas.and: Fuel.Analysis for Engineers. . .........0ccsscsccsrecn I2mo, 
Hall’s. Carchubrications. cters baecdiecteaNetee cies aut iacuatele loc eysasasa cer aie eens I2mo, 
Hering’s Ready Reference Tables (Conversion Factors). ..... 16mo, morocco, 
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Hutton’s The Gas Engine...... Velperlvelt lpoaetard Go abergrsal dh OY A 8vo, 


Jamison’s Mechanical Drawing.... ..........eeeeeees stage teases? 4. oh ot 8vo, 
Jones’s Machine Design: 
Patt le” Kinematic# of: Machinery.%.4-s0srdcle «vires hs ieee e'c'ere Ses 8vo, 
Part II. Form, Strength, and Proportions of Parts............... 8vo, 
Kent’s Mechanical Engineers’ Pocket-book................ 16mo, morocco, 
Kerr’s:PowermandreOwere ransimisslolai ss tres srcieie se ole ecriee sc.e 6 ayein ie ae 8vo, 
Leonard’s Machine Shop, Tools, and Methods........................ 8vo, 
* Lorenz’s Modern Refrigerating Machinery. (Pope, Haven, and Dean.) . .8vo, 
MacCord’s Kinematics; or, Practical Mechanism. .;.................. 8vo, 
Mechanical. Drawings ccc tes 5 6c oe ie eRe, Mears Sie METAS OO Ato, 
Velocity, Did STamSs oiscc kotorhertiarehotst «) sreket oes? note onerototers CromNaT IIe eet een 8vo, 
MacFarland’s Standard Reduction Factors for Gases.................. 8vo, 
Mahan’s Industrial Drawing. (Thompson.).... 0.0... 0000. ctw cee ees 8vo, 
Poole’s'Calorific Power, Of: Fuels. oc: jcccte tore sorstecatcho tora td datas te a ete eee 8vo, 
Reid’s Course in. Mechanical: Drawing. .-s.-.. ue One eee bere ons 8vo, 
Text-book of Mechanical Drawing and Elementary Machine Design. 8vo, 
Richatd’s Compressed Aires ist Aa hoc steel we ba datater oo oe Dele © ..12mo0, 
Robinson’s Principles of Mechanism... ...............0 cece eeeeeeees 8vo, 
Schwamb and Merrill’s Elements of Mechanism... ................... 8vo, 
Smith’s*(©:) Press=workingotof/Metalsiieie SS2R3IhG Oo POP SO. FE 28. 8vo, 
Smith (A. W.) and Marx’s Machine Design... ..................+.005- 8vo, 
Thurston’s Treatise on Friction and Lost Work in Machinery and Mill 
WiOPkK 6< este nos A kgs Mad SuSE 5h aN Nd DRT a BRUM SY 8vo, 
Animal as a Machine and Prime Motor, and the Laws of Energetics. 12mo, 
Warren’s Elements of Machine Construction and Drawing............. 8vo, 
‘Weisbach’s Kinematics and the Power of Transmission. (Herrmann— 
IRele1n;,);) . d:a..n2 40 thar ee et Se Pe, BUTI ORIG I 8vo, 
Machinery of Transmission and Governors. (Herrmann—Klein.). .8vo, 
Wolff’s Windmill as.a.Prime*Mover:J5™. 97% SErnee 7 SNIBes. FTUS ee. 8vo, 
Wo06d SCDGr DINGS, oige sic eee ee PPL OME he TRUE, COLT RON 28 ETT 8vo, 


MATERIALS OF ENGINEERING. 


* Bovey’s Strength of Materials and Theory of Structures. ............. 8vo, 
Burr’s Elasticity and Resistance of the Materials of Engineering. 6th Edition. 
IRESetesEBih gett Peek ht. Sora. Sthig t. eeteo. Bes MR ee 8vo, 
Chirch’semechanics of Engineering... 22... 025k cece- eee PROTe.s 8vo, 
SGreenerstotluctural MecUanics oo. soc elas accuse ee ee ee 8vo, 
Johnson’s Materials of Construction....... © Witton. os sawkiides. Tals. 8vo, 
Keep’s Cast fron aalkeisne } totais, cd tale cit loos aktiaree ie ta Dae etitre a 8vo, 
Lanza srApplied’MechanicS.gsnu. st.s s «en eeen-einte Ine mee Tee. 8vo, 
Martens’s Handbook on Testing Materials. (Henning.)............... 8vo, 
Matirrer’selechnical Mechanics. —-.) ..sheleen) ... aaelon iene. ne eae 8vo, 
Merriman s MechanicsvofaMaterials as. ich «denice «a isiste orclats ee vensieter te 8vo, 
SLL OMIT Ce eA FOLIA Sores Senge ricae wc tetee Sn moles. slave t t.srctx eis pe I2mo, 
Metcalf’s Steel. A manual for Steel-users...................00005- I2mo, 
Sabin’s Industrial and Artistic Technology of Paints and Varnish........ 8vo, 
Smith's Materinics or MACwitNes. 7. wei nel ee a ee sc he Lis ace aw I2mo, 
Lhurston-s: Materials of Enginéering.....2.....+..a#so teen. ic 3 vols., 8vo, 
Parti: Iron and Steels vtonse 35. caeet ¢ atin aL RhOtee. bch aaet 8vo, 
Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their 
Gonstitueritss.. oo. yb occu pen cane os RR SO Oe te ee 8vo, 
Text-book of the Materials of Construction...................... 8vo, 
Wood’s (De V.) Treatise on the Resistance of Materials and an Appendix on 
she, Preservation of Timber. ... ois. i.248Gg8 SHE. stork. acl. b: 8vo, 
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Wood’s (De V.) Elements of Analytical Mechanics. .................-. 8vo, 
Wood’s (M. P.) Rustless Coatings: Corrosion and Electrolysis of Iron and 
Steele oie es cc es owns 6 o Giase Slelare ovecensue 6 7ohe) steeele eae ete erate 8vo, 


STEAM-ENGINES AND BOILERS. 


Berry’s Temperature-entropy Diagram.............. 0.0.0 cceeeeveees I2mo, 
Carnot’s Reflections on the Motive Power of Heat. (Thurston.)......12m0, 
Dawson’s ‘‘ Engineering’ and Electric Traction Pocket-book....16mo, mor., 
Ford’s: Boiler Making for: Boiler Makersioo.7-.: -35. 5.50: ue ee eles 18mo, 
Goss’s Locomotive Sparks. oi... -..216,0,045 eo aueyeuens oueye wien nia 'e «ae nena 8vo, 
Hemenway’s Indicator Practice and Steam-engine Economy.......... I2mo, 
Hutton’s Mechanical Engineering of Power Plants. ............ Sb athe 8vo, 
Heatsand Heat-engines:c . Leese. Leech... oe ee Se tree Siew 8vo, 
Kent’s Steamboiler Economy:-%« wise 5 eee » eabeenu dedeenenes A. thas 8vo, 
Kneass’s Practice and Theory of the Injector. .............00ceeeevees 8vo, 
MacCord’s Slide-valyes.:iic..... .5...0%, . Shieh eiials Miblete cee ae DARD een. 8vo, 
Meyer’s Modern Locomotive Construction. ...............0. SEES : 4to, 
Peabody’s Manual of the Steam-engine Indicator. ..................- I2mo 
Tables of the Properties of Saturated Steam and Other Vapors ..... 8vo, 
Thermodynamics of the Steam-engine and Other Heat-engines...... 8vo, 
Valve-gears forjSteam engines @ . sa5.. hows oeebnied. cam .salleeee - 8vo, 
Peabodyrand sMiller’s; Steam=boilers...0 < o5c.aco-css ones aval ug cuensievanstonsia oththe 8vo, 
Pray’s Twenty Years with the Indicator. .................0.5.-.% Large 8vo, 
Pupin’s Thermodynamics of Reversible Cycles in Gases and Saturated Vapors. 
(Osterberg:).-. «caizsienckes? vate: pe ete ER”. So aenee I2mo, 
Reagan’s Locomotives: Simple Compound, and Electric............. I2mo, 
Rontgen’s Principles of Thermodynamics. (Du Bois.)................ 8vo, 
Sinclair’s Locomotive Engine Running and Management..... Sante Meer I2mo, 
Smart’s Handbook of Engineering Laboratory Practice............... I2mo, 
Snow’s, steam-boiler: Practices. 207 ccs octets ciceieetore ieee eee meee ete 8vo, 
Spangler’s: Valve-gearse 75.5 fu oases ve toe eee ee etere te renee ee 8vo, 
Notes on Thermodynamics. +e... aoe ee eer ,2++-I2M0, 
Spangler, Greene, and Marshall’s Elements of Steam-engineering....... 8vo, 
Thurston’s Handy+lablesi ce ie hisa | eekc: ae earnest oP 8vo, 
Manual of the Steam-engine. .......... ane e aick coeteattue motors 2 vols., 8vo, 
Partuy History, Structure; and=[hedrys: + .208 ete. 2 Fae 8vo, 
Part II. Design, Construction, and Operation.................... 8vo, 
Handbook of Engine and Boiler Trials, and the Use of the Indicator and 

the Prony Brake... 6.0055 0558 55505 oe ne ee a ee 8vo, 
Stationary Steam-engines. « o.0eoe see a slel oo OE ee eee 8vo, 
Steam-boiler Explosions in Theory and in Practice .............. I2mo, 
Manual! of Steam-boilers, their Designs, Construction, and Operation..... 8vo, 
Weisbach’s Heat, Steam, and Steam-engines. (Du Bois.)............. 8vo, 
Whitham’s'Steam-engine (Designee... biehict fe. meen. Ce. eee 8vo, 
Wilson’s Treatise on Steam-boilers. (Flather.).................-00- 16mo, 


Wood’s Thermodynamics, Heat Motors, and Refrigerating Machines. ..8vo, 


— 


MECHANICS AND MACHINERY. 


Barr’s Kariematics of Machinery... ..s sass .tndele Pee oe ae Adee 8vo, 
* Bovey’s Strength of Materials and Theory of Structures ............. 8vo, 
Chase’s: The ArtiofePattern=making., Potts ante en es come ee. I2mo, 
Church’s#Mechanics of Engineering? 14.4... sect tcteresiolcle'oiote eee ee 8vo, 

Notes*tand Examples in’ Mechanics/\ ovis. oo. eee eins rs. tes 8vo, 
Compton’s First Lessons in Metal-working.................e00e00- I2mo, 
Compton and De Groodt’s The Speed Lathe............ PARE Tr ..12mo, 
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Cromwell’s Treatise on Toothed Gearing....... » Gc SE oC Dee I2mo, 


PTeGAe OL Bett And Pulle ve... 0s. ee tine SEI Ma Oe. . 0 4 0k I2mo, 
Dana’s Text-book of Elementary Mechanics for Colleges and Schools. .12mo, 
Dingey’s. Machinery Pattern. Makifigiway. f018 se TE OP. TOTS I2mo, 
Dredge’s Record of the Transportation Exhibits Building of the World’s 

Columbian: Exposition: of 1803.05 face 2 ..loo ees 4to half morocco, 
Du Bois’s Elementary Principles of Mechanics: 

NV OlMe Lm IC TO CMIATICS ciao det Forces tak ots oh hrc bla talelela’ atcho ateterela eld otetere eee 8vo, 

LV OLM Dee OLALICS 2 a aa.).i cee .paba « 4 wee eet. kts he Lh eehetk Pa oS PES. 8vo, 

Mechanicsolsengineeringnany. Ol..e Leiteraciail ete Nom chettente mirees Small gto, 

Voli I oo thaie oi face ke Small gto, 
Durley’s Kinematics of Machines................ teatimad A. tn Adis 8vo, 
Fitzgerald's Boston Machinist, J.4tll.c.: . .. faiedeer soibe so aslans 16mo, 
Flather’s Dynamometers, and the Measurement of Power............ I2mo, 

RopesDriving: sos <a os SRS DOI Se «Re No ad aites= I2mo, 
ASOSSS! TVG OMOtVer Sparks wedge, o5.ch2 caccers peices espa aiekn ao hee De est 8vo, 
* Greene siStructuraliMechanics;qu..sjectracl. .atvratel. di. Dawa a. Be cl 8vo, 
Big liis Ame UC Atlee aks Sieias vk week wil's & a ad ate tae ae Cow a RCRA I2mo, 
HoliyecAfpot.SaweHiling .vie0 s, Sei emis A cheen wleclesic. Jaea8mos 
James’s Kineniatics of a Point and the Rational Mechanics of a Particle. 

Small 8vo, 
* Johnson’s'\(W. W.) Theoretical Mechanics. .... oc ccc ec de we ce ws I2mo, 
Johnson’s (L. J.) Statics by Graphic and Algebraic Methods. ........... 8vo, 
Jones’s Machine Design: 

Part elem inematicsiof Machinery trem. oo a odle once a netere te 8vo, 

Part II. Form, Strength, and Proportions of Parts............... 8vo, 
Kerns Powerand#Powend ransmission esi. ete cect en ee aroma ate are one 8vo, 
Wanza SAN pplicd@NbeCHANiCs. x, vwnsss tere ces operas burn oo PSU eee aCe eee 8vo, 
Leonard’s Machine Shop, Tools, and Methods...................0000: 8vo, 
* Lorenz’s Modern Refrigerating Machinery. (Pope, Haven, and Dean.).8vo, 
MacCord’s' Kinematics; or, Practical Mechanism. ..............--++--- 8vo, 

Velocitys Diagrams tei Ue. 2is.. RDA Re IO PEs EE eo 8vo, 
Maurérisdechnicalt Mechanics: Ske Pe eck vi erecereiie. acho of si ERTS tte Be RENE 8vo, 
Merriman’s: Méchanicsiofe Materials. 2 fiaie ts. . votes. o tits eh. a eee 8vo, 
tastlementsiof, Mechanicssrwee. tench ile eee wo areas AERO TRTE Rin a @ I2mo, 
* Michie’s Elements of Analytical Mechanics...............+ee+0ce-- 8vo, 
Reagan’s Locomotives: Simple, Compound, and Electric............. I2mo, 
Reidts: Course. in Mechanical;Drawing: <7. Renin ae. CNS eRe. te 8vo, 

Text-book of Mechanical Drawing and Elementary Machine Design. 8vo, 
maichardsseGompressed Adria pes sae ete ce ates owe « wre ER oh I2mo, 
Robinson’s erinciples ofsMechanismieseeoes] Wk Siete clo. eecolera. 8vo, 
Ryan, Norris, and Hoxie’s Electrical Machinery. Vol.I............... 8vo, 
Schwamb and Merrill’s Elements of Mechanism... ............00000-- 8vo, 
Sinclair’s Locomotive-engine Running and Management............. I2mo, 
Sith sicOs peress-workinosol Metalsuts a apsecte cechel oo kee eiel steer ele) dielelceleie e's 8vo, 
Smith’s GASW/))iMaterials-ofeMachiness. sie aenciand.. leeds sartiee ih - I2mo, 
Smith) (AWW) and, Marxis) Machine Designs. ....5..<, cys. c1e1e.0 eves eieresd Babine 8vo, 
Spangler, Greene, and Marshali’s Elements of Steam-engineering........ 8vo, 
Thurston’s Treatise on Friction and Lost Work in Machinery and Mill 

DWV Ts een er i eee SUE ny Mer VER Oher Giana Go ee are sel ete cies a oa ehe hes 8vo, 

Animal as a Machine and Prime Motor, and the Laws of Energetics 

I2mo, 
Warren’s Elements of Machine Construction and Drawing............. 8vo, 
Weisbach’s Kinematics and Power of Transmission. (Herrmann—Klein.).8vo, 

Machinery of Transmission and Governors. (Herrmann—Klein.).8vo, 
Wood’s Elements of Analytical Mechanics. ............cccececeevsecs 8vo, 

Principles of Elementary Mechanics................. BN ot tcRr oi. I2mo, 

TuSbines ne. feces custhhare eaGene heteus oi d.cne0 siekelorehe’ creabiauatere es Sees 8vo, 
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METALLURGY. 


Egleston’s Metallurgy of Silver, Gold, and Mercury: 


VolatlansSilver. ts. acdhijueti ste. sablaieanownt ae ite tee Depaas 8vo, 
Volsl.s Goldsand Merctry. 2.. 402. . Ae ee Jae een aan 8vo, 

** Tles’s Lead-smelting. (Postage o cents additional.)............... I2mo, 
Keep;s. Cast Irons sic... acne Seen Ce Ee ae EE ace a 8vo, 
Kunhardtis Practice, of Ore Dressing: in Europe... ..¢s. + ....80eee . 2 8vo, 
Le Chatelier’s High-temperature Measurements. (Boudouard—Burgess.)12mo. 
Metcalf’s'SteelaicA Manual for Steel-users.,..o4. 404...0% «a0 cee os I2mo, 
Minet’s Production of Aluminum and its Industrial Use. (Waldo.)....12mo, 
Robine and Lenglen’s Cyanide Industry. (Le Clerc.)................. 8vo, 
Smith’s-Matérials.of Machinésii. (0 Fata Aa. SEF RES Ieee Oe I2mo, 
Thurston’s Materials of Engineering. In Three Parts. ................ 8vo, 
Part ¥ 11s Irom andiSteel. oo<.u spcschat sees torcritecrcnnsnensash shes eee en 8vo, 
Part III. A Treatise on Brasses, Bronzes, and Other Alloys and their 
CGristitucnitsa ays 50 Meds cA a> MERON Adlai we ae, heron cee REE a 8vo, 

Ulke’s Modern Electrolytic Copper Refining. .............cceeees J 8vo, 

MINERALOGY. 


Barringer’s Description of Minerals of Commercial Value. Oblong, morocco, 


Boyd’s Resources of Southwest Virginia, .........cceeeein a 0 ee De 8vo, 
Mapit Sonthwest Viripnia. ccs ose 4 ~o amceiee eed Pocket-book form. 
Brush’s Manual of Determinative Mineralogy. (Penfield.)............. 8vo, 
Chester’s:Catalogue oftMinerals. ..aot.). .. ei eae ee ee 8vo, paper, 
Cloth, 

Dictionary. of. the, Names.of Minerals. 2.5. 0's scans ss «dtl S 8vo, 
Dana’s System. of Mineralogy... jc cae. cele + we se ers Large 8vo, half leather, 
First Appendix to Dana’s New ‘‘ System of Mineralogy.”’..... Large 8vo, 
Text2bdalkk of; Mimeralog Vises. qinicso cs soxsas ogee ts aeus nudes euess eee I Nee 8vo, 
Minerals and:How to-Study Dhem .aasenn eae desea eee tener I2mo., 
Catalogue of American Localities of Minerals............... Large 8vo, 
Maniial.of Mineralory.and Petrography. .imciispagun waists cies. cee. I2mo, 
Douglas’s Untechnical Addresses on Technical Subjects... ............ I2mo, 
Edicle’s. Mineral Tra bless. so. cio'cieces oa cine pushes tun, shsiiesaurtes pak» o chtey Seen Oe 8vo, 
Egleston’s Catalogue of Minerals and Synonyms...................... 8vo, 
Hussak’s The Determination of Rock-forming Minerals. (Smith.).Small 8vo, 
Merrill’s Non-metallic Minerals: Their Occurrence and Uses.......... 8vo, 


* Penfield’s Notes on Determinative Mineralogy and Record of Mineral Tests. 
8vo, paper, 
Rosenbusch’s Microscopical Physiography of the Rock-making Minerals. 


(Td dings..). ccecnesesejn tote 6 na,.s 4c cho 1d GPS, cue eR. SEARED EIEE: SPIRE telat. cot 8vo, 

* Tillman’s Text-book of Important Minerals and Rocks. ....... bk OV OS 
MINING. 

Beard’s Ventilation of Mines. ...........000. siaveVissivis Oba > 0 ccegeaes stats 

_ Boyd’s Resources of Southwest Virginia. .......... nee ersten camcsee sige one 8vo, 

Map of Southwest Virginia Rae sate, » Rieter sterats siacete es Pocket-book form. 

Douglas’s Untechnical Addresses on Technical Subjects.. ............ I2mo, 

* Drinker’s Tunneling, Explosive Compounds, and Rock Drills. . 4to, hf. mor., 

Eissler’s Modern High Explosives. ......... rate cae Pale atae Tories Tere a tetas ean 8vo, 
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Fowlerisipewage- Works Analyses. .3 «ss 2 AW BOt AO APR On. AI. oe). I2m9, 
Goodyear’s Coal-mines of the Western Coast of the United States...... I2mo, 
Thisene’s*Manval of: Mining... ey oAen! . RI SN. mohwIoe sso 8vo, 
** ]les’s Lead-smelting. (Postage oc. additional.)................... I2mo, 
Kunhardt’s Practice of Ore Dressing in Europe..............e0000ece- 8vo, 
O’Driscoll’s Notes on the Treatment of Gold Ores. .............0c0000- 8vo, 
Robine and Lenglen’s Cyanide Industry. (Le Clerc.)................. 8vo, 
ROW 4 licecsuleeCrUuresfOls lx DlOSIVESac a ciot «scien Ss wiv eke clcle Ga orca ole caus eine 8vo, 
Wilson:ssGVaridceeLocesseGn rr Getic louie sess cece teres cast I2mo, 

Chlorination Process. 42... Pot eee oe Mee a tle tats Poor « I2mo, 

Prvdrauucrana Placer: Mining. .,pen or  or ey ees, tome re I2mo, 

Treatise on Practical and Theoretical Mine Ventilation...........12mo, 


SANITARY SCIENCE. 


Bashore’s Sanitation of a Country House. cicero oe thew ee I2mo, 
Folwell’s Sewerage. (Designing, Construction, and Maintenance.). ..... 8vo, 
WiBter=SiinOl Va NOUMeCELIN GO mae eset 1 ee eee ee eR Sin Coetels ccc cre ix 8vo, 
Fuertes’s Water and Public Health.............. Serine siewers DeSIAAe I2mo, 
Water tiiratloneWiotks.ct re een eee rar SOC OO A OP Out I2mo, 
Gerhard’s Guide to Sanitary House-inspection ........ So diarstenee ete 16mo, 
Goodrich’s Economic Disposal of Town’s Refuse................ Demy 8vo, 
Hazen’s Filtration:of Public Water-supplies. .. ..: isc. «. «2 sos 0 eces suelo. 8vo, 
Leach’s The Inspection and Analysis of Food with Special Reference to State 
Controle rises tae eet heretic ais A tbaiety via dteas orodtele eekcce 8vo, 

Mason’s Water-supply. (Considered principally from a Sanitary Standpoint) 8vo, 
Examination of Water. (Chemical and Bacteriological.)......... I2mo, 
Ocden Ss: Se WELD eSio tar, eran ee ae ce ers tee rece en cemee eee alee Shovels I2mo, 
Prescott and Winslow’s Elements of Water Bacteriolosy, with Special Refer- 
ENCERLOLSANILAT VA. ALCE ATIALVSIS4: yeseoasecan, eatnicien arent oes I2mo, 

AEPrICe StL anid uOOKOTOAnItaAtlOMs. pees ii a tee cisiaibiotcie so oc oeiote rs I2mo, 
Richards’s Cost ot Food. A Study in Dietaries...................4. I2mo, 
Cost of Living as Modified by Sanitary Science.................. I2mo, 
Richards and Woodman’s Air. Water, and Food from a Sanitary Stand- 
LET ERM Stereo eT cy Ect a A, nS Nihvalia, Oia, w oleue Wide wre ie. ss 8vo, 

* Richards and Williams’s [he Dietary Computer. 9.5.0.6 0s50c ces oes 8vo, 
Rideal’s Sewage and Bacterial Purification of Sewage............... . 8vo, 
Turneaure and Russell’s Public Water-supplies. ..............0.0e000- 8vo, 
Von Behring’s Suppression of Tuberculosis. (Bolduan.)............ I2mo, 
Whipple's Microscopy of Drinking-water..< coos ceive nce ccecenvececs 8vo, 
Winton’s Microscopy of Vegetable Foods, . occ etc were sseceennes 8vo, 
Woodhull’s Notes on Military Hygiene....-.......ccceceecoees Peet OO} 

MISCELLANEOUS. 

De Fursac’s Manual of Psychiatry. (Rosanoff and Collins.)....Large r2mo, 
Emmons’s Geological Guide-book of the Rocky Mountain Excursion of the 
International’Congress of Geologists... 06.0 woe es ara os Large 8vo, 

Ferrel’s Popular Treatise on the Winds.................. Sc TOTO Se 8vo. 
Haines’s American Railway Management. ..........0sscccccccvcses I2mo, 
Mott’s Fallacy of the Present Theory of Sound ..................... 16mo, 
Ricketts’s History of Rensselaer Polytechnic Institute, 1824-1894..Small 8vo, 
RostoskussseruimeDragnosise = ( DOLAUAN: Jorn. sec cisrete clare srec's © e cloteiaiie I2mo, 
Rotherham’s Emphasized New Testament........... Seiels tee ve cuarge SVO, 
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Steel’s Treatise on the Diseases of the Dog......... desta: satiate sae 8vo, 


The World’s Columbian Exposition of 1893............ Pasi eo tanistecs 4to, 
Von Behring’s Suppression of Tuberculosis. (Bolduan. = oui Sts Le «bay. is I2mo, 
Winslow’s Elements of Applied Microscopy.............-.eeeeeee0- I2mo, 


Worcester and Atkinson. Small Hospitals, Establishment and Maintenance; 
Suggestions for Hospital Architecture : Plans for Small Hospital. 12mo, 


HEBREW AND CHALDEE TEXT-BOOKS. 


Green’s Elementary Hebrew Grammar....... istite teswiaa'ss Site aerate I2mo, 
HebrewaChrestomathy.gi ene ence Ginko coat ateleeleceNe <eieresctemene 8vo, 
Gesenius’s Hebrew and Chaldee Lexicon to the Old Testament Scriptures. 
CTregelles.) cyte ticon so asinine ce ......9mall 4to, half morocco, 


Lettaris'a Lebrewihibiece cn, pete YHATIR AR = 0 oe gos. 
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